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EXTENSION FORMULAE ON ALMOST COMPLEX MANIFOLDS
JI-XIANG FU AND HAI-SHENG LIU∗
ABSTRACT. We give the extension formulae on almost complex manifolds and give decompositions of the extension formulae.
As an application, we study (n, 0)-forms and the (n, 0)-Dolbeault cohomology group on almost complex manifolds.
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1. INTRODUCTION
We would like to introduce some background knowledge in complex geometry. Let (M,J) be a compact complex
manifold of complex dimension n. Vector-valued differential forms inA0,1(M,T 1,0M) are usually called the Beltrami
differentials. A Beltrami differential φ defines a linear map
φ : A1,0(M)→ A0,1(M).
Let {θi}ni=1 be a local basis of A
1,0(M). If I + φ is an isomorphism, we know that{
(I + φ)θi, (I + φ)θi
}n
i=1
forms a local basis of A1(M), and meanwhile φ defines an almost complex structure Jφ overM . Jφ is integrable (i.e.
Jφ is induced by some complex structure onM) if and only if φ satisfies the well-known Maurer-Cartan equation
∂¯φ =
1
2
[φ, φ],
where [ , ] is the Fro¨licher-Nijenhuis bracket (see (3.12)).
Clemens [Cle95] introduced an exponential operator for the contraction operator iφ, defined as
e
iφ :=
∞∑
k=0
1
k!
i
k
φ,
where ikφ = iφ ◦ · · · ◦ iφ︸ ︷︷ ︸
k
and i0φ = I . The sum is actually finite, since the dimension ofM is finite.
Liu, Rao & Yang [LRY15, Theorem 3.4] proved a so-called extension formula
e
iφ ◦ ∇ ◦ eiφ = ∇−L∇φ − i 1
2
[φ,φ]
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for the Chern connection ∇ on a hermitian holomorphic vector bundle (E, h) ofM , where L∇φ is the generalized Lie
derivative (see (3.4)). By this formula, the authors in [LRY15] constructed relations of the ∂¯-operators and studied
the (n, 0)-forms under different complex structures.
To deal with (p, q)-forms, Rao & Zhao [ZR15] introduced an extended exponential operator eiφ|iφ¯ ,
e
iφ|iφ¯ : Ap,qJ (M)→ A
p,q
φ (M).
Rao & Zhao [RZ18] obtained the extension formula for the extended exponential operator. Moreover, the authors
in [RZ18] used the extension formula to study the properties of Hodge numbers along the deformation of complex
structures.
The extension formula on complex manifolds plays an important role in the deformation of complex structures,
especially in describing the decomposition of complex differential forms on a complex manifold with respect to
different complex structures. In this paper, we generalize the extension formula from complex manifolds to almost
complex manifolds and give two kinds of decompositions. We expect that our extension formulae will also play an
important role in the deformation of almost complex structures.
The problem of deformations of almost complex structures is interesting for its own sake. LetM be a differentiable
manifold. An interesting problem is how (or under what conditions) one can deform two given almost complex
structures J1 and J2 onM . This problem becomes more interesting if one of these two almost complex structures is
integrable. Another interesting problem is what one can say about the geometry (and topology) of the moduli space
of all almost complex structures onM . McDuff [McD00] obtained many interesting results on S2 × S2.
This paper is arranged as follows.
In Section 2, we give a description of Beltrami differentials on almost complex manifolds.
In Section 3, we recall some basic knowledge on contraction operators and generalized Lie derivatives.
In Section 4, firstly we give and prove the commutator of the connection ∇ and the multi-contraction ikφ.
Proposition 1.1. (= Proposition 4.4) Let (M,J) be an almost complex manifold, φ ∈ A0,1J (M,T
1,0M) be a Beltrami
differential, E be a vector bundle onM and ∇ be a connection of E. Then
[∇, ikφ] = ki
k−1
φ ◦ [∇, iφ]−
k(k − 1)
2
i
k−2
φ ◦ i[φ,φ] −
k(k − 1)(k − 2)
3!
i
k−3
φ ◦ i(i[φ,φ]φ−iφ[φ,φ]).
By this lemma, we give the extension formula in the almost complex background.
Theorem 1.2. (= Theorem 4.5) Let (M,J) be an almost complex manifold and φ ∈ A0,1J (M,T
1,0M). Let E be a
vector bundle overM and ∇ be a connection of E. Then on A∗,∗J (M,E),
e
−iφ ◦ ∇ ◦ eiφ = ∇− L∇φ − i 1
2
[φ,φ] − i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
.
In [Xia19], Xia tried to prove similar result using a different method only without noting Lemma 3.3. In the
newest version of [Xia18], Xia gives a correction of the result in [Xia19].
As a special case of Theorem 4.5, when the vector bundle E is the trivial bundle and the connection is the ordinary
exterior differential operator d, we have the following corollary.
Corollary 1.3. (= Corollary 4.6) Let (M,J) be an almost complex manifold. Then
e
−iφ ◦ d ◦ eiφ = d− Lφ − i 1
2
[φ,φ] − i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
.
A key observation in this paper is the following lemma.
Lemma 1.4. (= Lemma 3.3) If ϕ = ρ⊗X,ψ = τ ⊗ Y ∈ A0,1(M,T 1,0M), then
[ϕ, ψ] = ρ ∧ τ ⊗ [X, Y ] + ρ ∧ LXτ ⊗ Y − LY ρ ∧ τ ⊗X,
and
[ϕ, ψ] ∈ A0,2(M,T 1,0M)⊕ A1,1(M,T 1,0M)⊕ A0,2(M,T 0,1M).
We denote the A0,2(M,T 1,0M)-component of [ϕ, ψ] as A (ϕ,ψ), the A1,1(M,T 1,0M)-component as B(ϕ,ψ) and
the A0,2(M,T 0,1M)-component as C (ϕ,ψ).
At first we introduce the following almost complex Maurer-Cartan equation (see (4.16)) on almost complex mani-
folds.
MC(φ) := ∂¯φ−
1
2
A (φ, φ)−
1
3!
(i[φ,φ]φ− iφ[φ, φ]) = 0.
The almost complex Maurer-Cartan equation reduces to the ordinary Maurer-Cartan equation on complex manifolds.
Next, we deal with the extended exponential operator eiφ|iφ¯ . As preparations, we give the following fundamental
lemmas, which have been proved on complex manifolds in [RZ18].
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Lemma 1.5. (= Lemma 4.10)[RZ18]
e
iφ((I − φ¯ · φ+ φ¯)y θk) = (I + φ)y θk = eiφ(θk),
and
e
iφ((I − φ¯ · φ+ φ¯)y θk¯) = (I + φ¯)y θk¯ = eiφ¯(θk¯).
Lemma 1.6. (= Lemma 4.14)[RZ18, Lemma 2.12]
e
−iφ ◦ eiφ|iφ¯ = (I − φ¯ · φ+ φ¯)` ,
e
−iφ|−iφ¯ ◦ eiφ = ((I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` .
The simultaneous contraction operator ` is introduced in [RWZ16, Equation 2.8] (see (4.17)). By these two
lemmas, we can prove the following theorem.
Theorem 1.7. (= Theorem 4.15) Let eiφ|iφ¯ be the extended exponential operator. Then for any α ∈ Ap,qJ (M),
d(eiφ|iφ¯ (α)) = eiφ|iφ¯
{
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)
` (d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ)) ◦ (I − φ¯ · φ+ φ¯)`α
}
.
In Section 5, we give the decompositions of the extension formula on almost complex manifolds. Precisely, we
prove the following theorem.
Theorem 1.8. (= Theorem 5.2) Let (M,J) be an almost complex manifold, φ ∈ A0,1J (M,T
1,0M) be a Beltrami
differential, E →M be a vector bundle onM and ∇ be a connection of E. We have
e
−iφ ◦ µ ◦ eiφ = µ− Lµφ − i 1
2
(B(φ,φ)+C(φ,φ)) − i 1
3!
(iC(φ,φ)φ−iφB(φ,φ))
,
e
−iφ ◦ ∇1,0 ◦ eiφ = ∇1,0 −L∇
1,0
φ − i 1
2
A (φ,φ),
e
−iφ ◦ ∇0,1 ◦ eiφ = ∇0,1 −L∇
0,1
φ ,
e
−iφ ◦ µ¯ ◦ eiφ = µ¯− Lµ¯φ.
The exterior differential d on an almost complex manifold has a natural decomposition according to types,
d = µ+ ∂ + ∂¯ + µ¯. (1.1)
The symbols µ and µ¯ denote the (2,−1)-part and the (−1, 2)-part of d respectively (as in [CW18]). For more details
on the operators µ and µ¯, see Section 2. Considering (1.1), we have the following corollary.
Corollary 1.9. (= Corollary 5.3) Let (M,J) be an almost complex manifold and φ ∈ A0,1J (M,T
1,0M) be a Beltrami
differential. We have
e
−iφ ◦ µ ◦ eiφ = µ− Lµφ − i 1
2
(B(φ,φ)+C(φ,φ)) − i 1
3!
(iC(φ,φ)φ−iφB(φ,φ))
,
e
−iφ ◦ ∂ ◦ eiφ = ∂ − L∂φ − i 1
2
A (φ,φ),
e
−iφ ◦ ∂¯ ◦ eiφ = ∂¯ − L∂¯φ,
e
−iφ ◦ µ¯ ◦ eiφ = µ¯− Lµ¯φ.
By comparing types with respect to J and Jφ and noting that the extended exponential operator e
iφ|iφ¯ preserves
types (i.e. eiφ|iφ¯ : Ap,qJ (M)→ A
p,q
Jφ
(M)), we can prove the following theorem.
Theorem 1.10. (= Theorem 5.4) Let (M,J) be an almost complex manifold and d = µ+∂+∂¯+µ¯ be the decomposition
of the exterior differential operator with respect to J . Let φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential on M that
generates a new almost complex structure Jφ on M and d = µφ + ∂φ + ∂¯φ + µ¯φ be the decomposition of the exterior
differential operator with respect to Jφ. Then we have the following equations.
µφ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
2,−1
J ),
∂φ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
1,0
J ),
∂¯φ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
0,1
J ),
µ¯φ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
−1,2
J ).
The operators O1, O2 and O3 in the above theorem are
O1 = I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1,
O2 = d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ),
O3 = I − φ¯ · φ+ φ¯.
In Section 6, we give some applications of the extension formulae. we get the following results.
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Proposition 1.11. (= Proposition 6.1) Let (M,J) be an almost complex manifold and φ be a Beltrami differential
that satisfies the almost complex Maurer-Cartan equation. For any smooth J(n, 0)-form Ω, eiφ|iφ¯(Ω) is a ∂¯φ-closed
Jφ(n, 0)-form if and only if
(−1)n(∂¯Ω+ ∂(φyΩ)−
1
2
B(φ,φ)yΩ)− φ¯ · (I ′ − φ · φ¯)−1y µ¯Ω = 0.
In the integrable case, Proposition 6.1 reduces to the following known proposition.
Proposition 1.12. [LRY15, Proposition 5.1] Let (M,J) be a complex manifold and φ be a Beltrami differential that
satisfies the Maurer-Cartan equation. For any smooth J(n, 0)-form Ω, eiφ|iφ¯(Ω) is a ∂¯φ-closed Jφ(n, 0)-form if and only
if
∂¯Ω+ ∂(φyΩ) = 0.
As an application of the decomposition formulas, we get the following result concerning the (n, 0)-Dolbeault
cohomology on almost complex manifolds.
Theorem 1.13. (= Theorem 6.3) Let (M,J) be an almost complex manifold and φ ∈ A0,1J (M,T
1,0M) be a Beltrami
differential which generates a new almost complex structure Jφ on M . Assume that φ satisfies the almost complex
Maurer-Cartan equation. Then for any [[Ω]] ∈ Hn,0Dol,J(M), [[e
iφ|iφ¯(Ω)]] ∈ Hn,0Dol,Jφ(M) if and only if
∂(φyΩ) −
1
2
B(φ,φ)yΩ = 0.
In Section 7, for the readers’ convenience, we recall some basic knowledge on the Dolbeault cohomology of almost
complex manifolds from [CW18].
2. BELTRAMI DIFFERENTIAL ON ALMOST COMPLEX MANIFOLDS
Let (M,J) be an almost complex manifold of real dimension 2n. The complexified tangent bundle of M has the
decomposition
T
C
M ∼= T
1,0
J M ⊕ T
0,1
J M.
The complex cotangent bundle also has similar decomposition
T
∗
CM ∼= (T
∗
JM)
1,0 ⊕ (T ∗JM)
0,1
.
The space of (p, q)-forms with respect to J overM (or J(p, q)-forms) is denoted as Ap,qJ (M). For any almost complex
manifold (M,J), the space of T 1,0J M -valued (p, q)-form should be denoted as A
p,q
J (M,T
1,0
J M), especially when
there is more than one almost complex structure on M concerned. However, here we denote Ap,qJ (M,T
1,0
J M) as
A
p,q
J (M,T
1,0M) for a little simplicity. Let {θi}ni=1 be a local basis of A
1,0
J (M) and {ei}
n
i=1 be the dual basis of {θ
i}ni=1
in T 1,0J M . Denote the complex conjugate of {θ
i}ni=1 and {ei}
n
i=1 as
{
θi¯
}n
i=1
and {ei¯}
n
i=1 respectively. The Nijenhuis
tensor with respect to J is defined as
N(X, Y ) := [JX, JY ]− J [JX, Y ]− J [X, JY ]− [X,Y ].
One can easily check that
N(ej¯ , ek¯) = [Jej¯ , Jek¯]− J [Jej¯ , ek¯]− J [ej¯ , Jek¯]− [ej¯ , ek¯]
= − [ej¯ , ek¯] + iJ [ej¯ , ek¯] + iJ [ej¯ , ek¯]− [ej¯ , ek¯]
= − 2([ej¯ , ek¯]− iJ [ej¯ , ek¯])
= − 4[ej¯ , ek¯]
1,0
.
For the readers’ convenience, here we would like to give some explanations on the decomposition (1.1). For θi ∈
A
1,0
J (M), (1.1) implies that
µ¯θ
i(ej¯ , ek¯) =dθ
i(ej¯ , ek¯) = ej¯(θ
i(ek¯))− ek¯(θ
i(ej¯))− θ
i([ej¯ , ek¯])
=− θi([ej¯ , ek¯]
1,0) =
1
4
θ
i(Nℓj¯k¯eℓ) =
1
4
N
ℓ
j¯k¯θ
i(eℓ)
=
1
4
Ny θ
i(ej¯ , ek¯).
Thus we know that
µ¯ =
1
8
N
i
j¯k¯θ
j¯ ∧ θk¯ ⊗ ek,
or equivalently
µ¯
i
j¯k¯ =
1
4
N
i
j¯k¯.
Similarly we have
µ
i¯
jk =
1
4
N
i¯
jk.
EXTENSION FORMULAE ON ALMOST COMPLEX MANIFOLDS 5
Any φ = φij¯θ
j¯ ⊗ ei ∈ A
0,1
J (M,T
1,0M) defines a map
iφ : A
1,0
J (M)→ A
0,1
J (M).
Denote θiφ := θ
i + iφθ
i, or equivalently

θ1φ
...
θnφ
θ¯1φ
...
θ¯nφ


=


1 0
0
. . . 0 φij¯
0 1
1 0
φi¯j 0
. . . 0
0 1




θ1
...
θn
θ¯1
...
θ¯n


, Φ ·


θ1
...
θn
θ¯1
...
θ¯n


,
where φi¯j , φ
i
j¯
, i, j = 1, 2, . . . , n. The superscript of Φij is the row index, and from now on, we will always denote
the row index as the superscript. When there is no danger of confusion, we denote φ =
(
φij¯
)
n×n
and φ¯ =
(
φi¯j
)
n×n
.
Under this notation, the above equation can be shorted as(
θφ
θ¯φ
)
=
(
I ′ φ
φ¯ I ′′
)(
θ
θ¯
)
, (2.1)
where θφ , (θ
1
φ, · · · , θ
n
φ)
T , θ , (θ1, · · · , θn)T , θ¯φ , (θ
1¯
φ, · · · , θ
n¯
φ)
T , θ¯ , (θ1¯, · · · , θn¯)T and
I = I ′ + I ′′ =
n∑
i=1
θ
i ⊗ ei +
n∑
i=1
θ
i¯ ⊗ ei¯, I
′ =
n∑
i=1
θ
i ⊗ ei, I
′′ =
n∑
i=1
θ
i¯ ⊗ ei¯.
Note that locally I can be considered as a 2n × 2n identity matrix and I ′, I ′′ as n× n identity matrices. From (2.1)
we can see that {θφ, θ¯φ} forms a local basis of A
1(M ;C) if and only if
det
(
I ′ φ
φ¯ I ′
)
6= 0.
Linear algebra calculations show that
det
(
I ′ φ
φ¯ I ′′
)
= det(I ′ − φ · φ¯). (2.2)
Here we add a dot “·” in φ · φ¯ to emphasize that we takes the matrix multiplication. Note that
iφφ¯ =φ
i
j¯θ
j¯ ⊗ eiy
(
φ
p¯
qθ
q ⊗ ep¯
)
=φij¯φ
p¯
qδ
q
i θ
j¯ ⊗ ep¯
=φp¯i φ
i
j¯θ
j¯ ⊗ ep¯
∼ φ¯ · φ, (2.3)
and similarly
iφ¯φ ∼ φ · φ¯. (2.4)
Here the symbol “∼” relates vector-valued differential forms with their coefficients. The readers can also see (2.3)
and (2.4) in the paragraph below [RZ18, Lemma 2.4].
By (2.2) we see that {θφ, θ¯φ} forms a local basis of A
1(M ;C) if and only if
det(I ′ − φ · φ¯) 6= 0.
When det(I ′ − φ · φ¯) 6= 0, one can check that the inverse of the matrix Φ =
(
I ′ φ
φ¯ I ′′
)
is
Φ−1 =

 (I ′ − φ · φ¯)−1 −φ · (I ′′ − φ¯ · φ)−1
−φ¯ · (I ′ − φ · φ¯)−1 (I ′′ − φ¯ · φ)−1


2n×2n
.
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Actually, we have
Φ · Φ−1 =
(
I ′ φ
φ¯ I ′′
)
·

 (I ′ − φ · φ¯)−1 −φ · (I ′′ − φ¯ · φ)−1
−φ¯ · (I ′ − φ · φ¯)−1 (I ′′ − φ¯ · φ)−1


=
(
(I ′ − φ · φ¯)−1 − φ · φ¯ · (I ′ − φ · φ¯)−1 0
0 −φ¯ · φ · (I ′′ − φ¯ · φ)−1 + (I ′′ − φ¯ · φ)−1
)
=
(
(I ′ − φ · φ¯)(I ′ − φ · φ¯)−1 0
0 (I ′′ − φ¯ · φ)(I ′′ − φ¯ · φ)−1
)
=
(
I ′ 0
0 I ′′
)
.
By the uniqueness of the inverse matrix, we know that Φ−1 · Φ = I , i.e. we have
Φ−1 · Φ =

 (I ′ − φ · φ¯)−1 −φ · (I ′′ − φ¯ · φ)−1
−φ¯ · (I ′ − φ · φ¯)−1 (I ′′ − φ¯ · φ)−1

 · ( I ′ φ
φ¯ I ′′
)
=
(
(I ′ − φ · φ¯)−1 − φ · (I ′′ − φ¯ · φ)−1 · φ¯ (I ′ − φ · φ¯)−1 · φ− φ · (I ′′ − φ¯ · φ)−1
−φ¯ · (I ′ − φ · φ¯)−1 + (I ′′ − φ¯ · φ)−1 · φ¯ −φ¯ · (I ′ − φ · φ¯)−1 · φ+ (I ′′ − φ¯ · φ)−1
)
=
(
I ′ 0
0 I ′′
)
.
By the above equation, we know that
(I ′ − φ · φ¯)−1 − φ · (I ′′ − φ¯ · φ)−1 · φ¯ = I ′,
(I ′ − φ · φ¯)−1 · φ− φ · (I ′′ − φ¯ · φ)−1 = 0,
−φ¯ · (I ′ − φ · φ¯)−1 + (I ′′ − φ¯ · φ)−1 · φ¯ = 0,
−φ¯ · (I ′ − φ · φ¯)−1 · φ+ (I ′′ − φ¯ · φ)−1 = I ′′.
We summarize these equations as the following remark.
Remark 2.1. Let φ ∈ A0,1(M,T 1,0M) be a Beltrami differential. If
det(I ′ − φ · φ¯) 6= 0,
then we have
(I ′ − φ · φ¯)−1 · φ = φ · (I ′′ − φ¯ · φ)−1, (2.5)
(I ′ − φ · φ¯)−1 − φ · (I ′′ − φ¯ · φ)−1 · φ¯ = I ′. (2.6)
The complex conjugate of (2.5) and (2.6) also hold.
When {θφ, θ¯φ} forms a local basis of A
1(M), we can define a new almost complex structure Jφ on M , such that
{θiφ}
n
i=1 is a local basis of A
1,0
Jφ
(M) and {θi¯φ}
n
i=1 is a local basis of A
0,1
Jφ
(M). Denote the dual basis of {θiφ}
n
i=1 and
{θi¯ϕ}
n
i=1 as {eφ,i}
n
i=1 and {eφ,¯i}
n
i=1 respectively.
As a sum of the above discussion, we give the following theorem.
Theorem 2.2. Let (M,J) be an almost complex manifold. Assume that Jφ is another almost complex structure on M
induced by a Beltrami differential φ ∈ A0,1J (M,T
1,0M). Let
{
θi
}n
i=1
be a basis of A
1,0
J (M), and {ei}
n
i=1 its dual basis
in T 1,0J M . By definition
{
θiφ = θ
i + iφθ
i
}n
i=1
is a basis of A1,0Jφ (M). Then the dual basis of θ
i
φ in T
1,0
Jφ
M is expressed as
eφ,i = (Φ
−1)jiej + (Φ
−1)j¯i e¯j ,
or equivalently 

eφ,1
...
eφ,n
e¯φ,1
...
e¯φ,n


= Φ−T ·


e1
...
en
e¯1
...
e¯n


, ΦT ·


eφ,1
...
eφ,n
e¯φ,1
...
e¯φ,n


=


e1
...
en
e¯1
...
e¯n


,
where
Φ =
(
I ′ φ
φ¯ I ′′
)
2n×2n
,
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and
Φ−1 =

 (I ′ − φ · φ¯)−1 −φ · (I ′′ − φ¯ · φ)−1
−φ¯ · (I ′ − φ · φ¯)−1 (I ′′ − φ¯ · φ)−1


2n×2n
.
Also we have 

θ1
...
θn
θ¯1
...
θ¯n


=


(I ′ − φ · φ¯)−1 −φ · (I ′′ − φ¯ · φ)−1
−φ¯ · (I ′ − φ · φ¯)−1 (I ′′ − φ¯ · φ)−1




θ1φ
...
θnφ
θ¯1φ
...
θ¯nφ


. (2.7)
Remark 2.3. The matrix
Φ−1 =

 (I ′ − φ · φ¯)−1 −φ · (I ′′ − φ¯ · φ)−1
−φ¯ · (I ′ − φ · φ¯)−1 (I ′′ − φ¯ · φ)−1

 ,
could be considered as a contraction operator, i.e.
Φ−1 = (Φ−1)αβθ
β
φ ⊗ eφ,α,
where α, β ∈ {1, . . . , n, 1¯, . . . , n¯}.
Note that
Φ−1 =(Φ−1)αβθ
β
φ ⊗ eφ,α
=(Φ−1)αβΦ
β
λ(Φ
−1)µαθ
λ ⊗ eµ
= δαλ (Φ
−1)µαθ
λ ⊗ eµ
=(Φ−1)µλθ
λ ⊗ eµ. (2.8)
So when we say that Φ−1 is a contraction operator, we do not need to specify the basis we use between {θαφ} and
{θα}. Using similar methods, readers can check that similar properties hold for Φ. The coefficients are
(Φ−1)ij =((I − φ · φ¯)
−1)ij ,
(Φ−1)ij¯ =(−φ · (I
′′ − φ¯ · φ)−1)ij¯ = (−(I
′′ − φ · φ¯)−1 · φ)ij¯ =
(
−(I ′′ − φ · φ¯)−1
)i
k
φ
k
j¯ ,
(Φ−1)i¯j =(−φ¯ · (I − φ · φ¯)
−1)i¯j = (−(I
′′ − φ¯ · φ)−1 · φ¯)i¯j = (−(I
′′ − φ¯ · φ)−1)i¯k¯φ¯
k¯
j ,
(Φ−1)i¯j¯ =((I
′′ − φ¯ · φ)−1)i¯j¯ .
From the above arguments, one can see that (I ′ − φ · φ¯)−1, −(I ′ − φ · φ¯)−1 · φ, (I ′′ − φ¯ · φ)−1 · φ¯ and (I ′′ − φ¯ · φ)−1
can also be seen as contractions. By (2.7) or (2.8), we know that
Φ−1y θiφ = (Φ
−1)iβθ
β
φ = (Φ
−1)iβΦ
β
αθ
α = θi.
Moreover, using the fact that contraction operators are point-wisely linear, we have
Φ−1y θi = Φ−1
(
(Ψ−1)iβθ
β
φ
)
= (Ψ−1)iβΦ
−1(
θ
β
φ
)
= (Ψ−1)iβθ
β
.
An interesting operator is i(I′′−φ¯·φ)−1·φ¯ ◦ i(I′′−φ¯·φ). For any θ
i¯ ∈ A0,1J (M), we have
(I ′′ − φ¯ · φ)−1 · φ¯y
(
(I ′′ − φ¯ · φ)yθi¯
)
=(I ′′ − φ¯ · φ)−1 · φ¯y
(
(I − φ¯ · φ)i¯j¯θ
j¯
)
=(I ′′ − φ¯ · φ)i¯j¯(I
′′ − φ¯ · φ)−1 · φ¯y(θj¯) by the point-wisely linear property
=(I ′′ − φ¯ · φ)i¯j¯((I
′′ − φ¯ · φ)−1 · φ¯)j¯kθ
k
=(I ′′ − φ¯ · φ)i¯j¯((I − φ¯ · φ)
−1)j¯
ℓ¯
φ¯
ℓ¯
kθ
k
= φ¯i¯kθ
k
= φ¯y θi¯.
For the definition of “y”, see (3.2) and (3.1). Note that here we have used the fact that eiφ|iφ¯ is a point-wisely linear
map.
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Let (M,J, g) be an almost hermitian manifold, i.e., J is compatible with g. If Jφ is also compatible with g, or
equivalently if Jφ and J belong to the same compatible class, then〈
θ
i
φ, θ
j¯
φ
〉
C
=
〈
θ
i + φik¯θ
k¯
, θ
j¯ + φj¯ℓθ
ℓ
〉
C
=
〈
θ
i
, φ
j¯
ℓθ
ℓ
〉
C
+
〈
φ
i
k¯θ
k¯
, θ
j¯
〉
C
=φj
ℓ¯
〈
θ
i
, θ
ℓ
〉
C
+ φik¯
〈
θ
k¯
, θ
j¯
〉
C
=φj
ℓ¯
δ
iℓ + φik¯δ
kj
=φj
i¯
+ φij¯
=0, (2.9)
where 〈−,−〉C denotes the complex conjugate extension of g over the complexified tangent bundle T
CM . (2.9)
implies that φj
i¯
= −φij¯ , or equivalently
φ = −φT .
Then we see that φ¯ = −φ¯T = −φ∗ and thus
det(I ′ − φ · φ¯) = det(I ′ + φ · φ∗).
A matrixA is hermitian if and only if there is a unitary U and a real diagonal Λ such that A = UΛU∗. See for example
[HJ90, Theorem 4.1.5, p.229]. Since φ · φ∗ is hermitian, its eigenvalues are all real. Assume that φ · φ∗ = UΛU∗,
then
det(I ′ − φ · φ¯) = det(I ′ + φ · φ∗)
= det(I ′ + UΛU∗)
= detU(I ′ + Λ)U∗
= det(I ′ + Λ).
Now we give the following remark.
Remark 2.4. If J and Jφ are both compatible with g, then −1 is not an eigenvalue of φ · φ
∗.
For more detailed information of Beltrami differentials on complex manifolds, one may try [Kod81, MK06].
3. GENERALIZED LIE DERIVATIVE
Let M be a differentiable manifold. For X,Y1, . . . , Yr ∈ Γ(M,TM), ϕ ∈ A
r+1(M), the contraction operator
y : Ar+1(M)→ Ar(M) is defined as
(Xyϕ)(Y1, . . . , Yr) := ϕ(X,Y1, . . . , Yr). (3.1)
Usually, we also denote Xyϕ as iXϕ. For ρ ∈ A
p(M,TM), the contraction operator can be extended to
ρy : Ar(M)→ Ar+p−1(M).
Explicitly, for ρ = η ⊗X with η ∈ Ap(M),
ρyϕ := η ∧ (Xyϕ). (3.2)
The contraction operator “y” is a (anti-)derivation of the exterior algebra A∗(M), i.e.
Xy(ϕ ∧ ψ) = Xyϕ ∧ ψ + (−1)|ϕ|ϕ ∧Xyψ, ϕ, ψ ∈ A∗(M).
Moreover, if X˜ := 〈−,X〉 ∈ T ∗M , the operator Xy− is the adjoint map of X˜ ∧ −, i.e.
〈Xyϕ,ψ〉 = 〈ϕ, X˜ ∧ ψ〉, ϕ, ψ ∈ A∗(M).
For a more general description of the derivation theory, one may consult an excellent book [KSM99].
Lemma 3.1. [LRY15, Lemma 3.1] For ϕ ∈ A0,q(M,T 1,0M), ψ ∈ A0,s(M,T 1,0M), we have
iϕ ◦ iψ = (−1)
(q+1)(s+1)
iψ ◦ iϕ.
Generally, for any ϕ ∈ Ak(M,TM), the contraction is defined as
ϕyω(X1, . . . , X|ϕ|+|ω|+1) =
1
|ϕ|!(|ω| − 1)!
• (3.3)∑
σ∈S (|ϕ|+|ω|−1)
signσ · ω(ϕ(Xσ(1), . . . , Xσ(|ϕ|)), Xσ(|ϕ|+1), . . . , Xσ(|ϕ|+|ω|−1)).
Note that (3.2) and (3.3) are actually the same.
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Let M be a differentiable manifold, E → M be a vector bundle and ∇ be a connection of E. The generalized
definition of ordinary Lie derivative is
L∇ρ := [iρ,∇] = iρ ◦ ∇ − (−1)
|iρ|·|∇|∇ ◦ iρ = iρ ◦ ∇+ (−1)
|ρ|∇ ◦ iρ, (3.4)
where ρ ∈ A∗(M,TM).
Liu & Rao [LR12] and Liu et al. [LRY15] got some results of the generalized Lie derivative for holomorphic
vector bundles over complex manifolds, with a hermitian metric and the Chern connection. Following [KSM99, p.70,
Lemma 8.6], we can prove the following identity. One can also find another proof in [Mic87, Lemma 3.9].
Lemma 3.2. Assume that ϕ ∈ Ωk(M ;TM) and ψ ∈ Ωℓ+1(M ; TM). For any α ∈ Ap,q(M ;E), we have
[L∇ϕ , iψ] = i[ϕ,ψ] − (−1)
|ϕ|(|ψ|−1)L∇iψϕ.
Proof. For simplicity and without loss of generality, wemay choose ϕ = ρ⊗X and ψ = τ⊗Y . For any α ∈ Ap,q(M,E),
the operator iϕ is defined as
iϕα = ρ ∧ (Xyα). (3.5)
Note that
∇(iϕα) = ∇(ρ ∧Xyα) = dρ ∧ (Xyα) + (−1)
ρ
ρ ∧ ∇(Xyα), (3.6)
and
iϕ∇α = ρ ∧ (Xy∇α). (3.7)
By (3.6) and (3.7), we get
L∇ϕα = iϕ∇α+ (−1)
|ρ|∇(iϕα)
= ρ ∧Xy∇α+ (−1)ρ(dρ ∧Xyα+ (−1)ρρ ∧ ∇(Xyα))
= ρ ∧Xy∇α+ (−1)ρdρ ∧Xyα+ ρ ∧∇(Xyα)
= ρ ∧ (Xy∇α+∇(Xyα)) + (−1)ρdρ ∧Xyα
= ρ ∧ L∇Xα+ (−1)
ρ
dρ ∧Xyα. (3.8)
Using (3.5) and (3.8) we get
L∇ϕ (iψα)
=L∇ϕ (τ ∧ (Y yα))
=Ldϕτ ∧ (Y yα) + (−1)
τρ
τ ∧ L∇ϕ (Y yα)
= (ρ ∧ LdXτ + (−1)
ρ
dρ ∧Xyτ ) ∧ (Y yα) + (−1)τρτ ∧
(
ρ ∧ L∇X(Y yα) + (−1)
ρ
dρ ∧Xy(Y yα)
)
= ρ ∧ LdXτ ∧ (Y yα) + (−1)
ρ
dρ ∧ (Xyτ ) ∧ (Y yα) + (−1)τρτ ∧ ρ ∧ L∇X(Y yα) + (−1)
ρ+τρ
τ ∧ dρ ∧ (XyY yα)
= ρ ∧ LdXτ ∧ (Y yα) + (−1)
ρ
dρ ∧ (Xyτ ) ∧ (Y yα) + ρ ∧ τ ∧ L∇X(Y yα) + (−1)
ρ+τ
dρ ∧ τ ∧ (XyY yα), (3.9)
and
iψ(L
∇
ϕα)
=τ ∧ Y y(L∇ϕα)
=τ ∧ Y y(ρ ∧ L∇Xα+ (−1)
ρ
dρ ∧Xyα)
=τ ∧ Y y(ρ ∧ L∇Xα) + (−1)
ρ
τ ∧ Y y(dρ ∧Xyα)
=τ ∧ (Y yρ) ∧ L∇Xα+ (−1)
ρ
τ ∧ ρ ∧ (Y yL∇Xα) + (−1)
ρ
τ ∧ (Y ydρ) ∧ (Xyα)− τ ∧ dρ ∧ (Y yXyα). (3.10)
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Using (3.9) and (3.10), we get the commutator of L∇ϕ and iψ,
[L∇ϕ , iψ]α =L
∇
ϕ (iψα)− (−1)
|L∇ϕ |·|iψ|iψ(L
∇
ϕα)
=L∇ϕ (iψα)− (−1)
|ϕ|·(|ψ|−1)
iψ(L
∇
ϕα)
=ρ ∧ LdXτ ∧ (Y yα) + (−1)
ρ
dρ ∧ (Xyτ ) ∧ (Y yα) + (−1)τρτ ∧ ρ ∧ L∇X(Y yα) + (−1)
ρ+τρ
τ ∧ dρ ∧ (XyY yα)
− (−1)ρ(τ−1)τ ∧ (Y yρ) ∧ L∇Xα− (−1)
ρ(τ−1)(−1)ρτ ∧ ρ ∧ (Y yL∇Xα)
− (−1)ρ(τ−1)(−1)ρτ ∧ (Y ydρ) ∧ (Xyα) + (−1)ρ(τ−1)τ ∧ dρ ∧ (Y yXyα)
=ρ ∧ LdXτ ∧ (Y yα) + (−1)
ρ
dρ ∧ (Xyτ ) ∧ (Y yα) + ρ ∧ τ ∧ L∇X(Y yα) + (−1)
ρ+τ
dρ ∧ τ ∧ (XyY yα)
− (−1)ρ+τ (Y yρ) ∧ τ ∧ L∇Xα− ρ ∧ τ ∧ (Y yL
∇
Xα)− (Y ydρ) ∧ τ ∧ (Xyα) + (−1)
ρ+τ
dρ ∧ τ ∧ (Y yXyα)
=ρ ∧ LdXτ ∧ (Y yα) + (−1)
ρ
dρ ∧ (Xyτ ) ∧ (Y yα)− (−1)ρ+τ (Y yρ) ∧ τ ∧ L∇Xα− (Y ydρ) ∧ τ ∧ (Xyα)
+ ρ ∧ τ ∧ L∇X(Y yα) − ρ ∧ τ ∧ (Y yL
∇
Xα)
=ρ ∧ LXτ ∧ (Y yα) + (−1)
ρ
dρ ∧ (Xyτ ) ∧ (Y yα)− (−1)ρ+τ (Y yρ) ∧ τ ∧ L∇Xα
− (Y ydρ) ∧ τ ∧ (Xyα) + ρ ∧ τ ∧ [X, Y ]yα. (3.11)
The (Fro¨licher-Nijenhuis) bracket of ϕ = ρ⊗X ∈ A∗(M,TM) and ψ = τ ⊗Y ∈ A∗(M,TM) is defined as ([KSM99,
p.70, Equation (6)])
[ϕ, ψ] =[ρ⊗X, τ ⊗ Y ]
=ρ ∧ τ ⊗ [X, Y ] + ρ ∧ LXτ ⊗ Y − LY ρ ∧ τ ⊗X + (−1)
|ρ|
dρ ∧ (Xyτ )⊗ Y + (−1)|ρ|Y yρ ∧ dτ ⊗X. (3.12)
As a contraction operator, i[ϕ,ψ] is
i[ϕ,ψ]α
=(ρ ∧ τ ⊗ [X,Y ] + ρ ∧ LXτ ⊗ Y − LY ρ ∧ τ ⊗X + (−1)
|ρ|
dρ ∧ (Xyτ )⊗ Y + (−1)|ρ|Y yρ ∧ dτ ⊗X)yα
= ρ ∧ τ ∧ [X, Y ]yα+ ρ ∧ LXτ ∧ Y yα− LY ρ ∧ τ ∧Xyα+ (−1)
|ρ|
dρ ∧ (Xyτ ) ∧ Y yα+ (−1)|ρ|Y yρ ∧ dτ ∧Xyα.
(3.13)
Again, using (3.8), we have
L∇iψϕα = [iψϕ,∇]α = [τ ∧ (Y yρ)⊗X,∇]α
= [τ ∧ (Y yρ)⊗Xy,∇]α
= τ ∧ (Y yρ) ∧ (Xy∇α) + (−1)τ+ρ−1∇(τ ∧ (Y yρ) ∧Xyα)
= τ ∧ (Y yρ) ∧ (Xy∇α) + (−1)τ+ρ−1d(τ ∧ (Y yρ)) ∧ (Xyα) + τ ∧ (Y yρ) ∧∇(Xyα)
= τ ∧ (Y yρ) ∧ (Xy∇α) + (−1)τ+ρ−1dτ ∧ (Y yρ) ∧ (Xyα)
+ (−1)ρ−1τ ∧ d(Y yρ) ∧ (Xyα) + τ ∧ (Y yρ) ∧∇(Xyα)
= τ ∧ (Y yρ) ∧ L∇Xα+ (−1)
τ+ρ−1
dτ ∧ (Y yρ) ∧ (Xyα) + (−1)ρ−1τ ∧ d(Y yρ) ∧ (Xyα). (3.14)
Comparing the items of (3.11) (3.13) and (3.14), we have proved the lemma. 
Noting (3.12), we have the following lemma.
Lemma 3.3. If ϕ = ρ⊗X,ψ = τ ⊗ Y ∈ A0,1(M,T 1,0M), then
[ϕ, ψ] = ρ ∧ τ ⊗ [X, Y ] + ρ ∧ LXτ ⊗ Y − LY ρ ∧ τ ⊗X,
and
[ϕ, ψ] ∈ A0,2(M,T 1,0M)⊕ A1,1(M,T 1,0M)⊕ A0,2(M,T 0,1M).
By comparing types, we have a decomposition of [ϕ, ψ] as
[ϕ,ψ] = ρ ∧ τ ⊗ [X, Y ] + ρ ∧ (Xyµτ +Xy∂τ )⊗ Y − (Y yµρ+ Y y∂ρ) ∧ τ ⊗X
= ρ ∧ τ ⊗ [X, Y ]1,0 + ρ ∧ (Xy∂τ )⊗ Y − (Y y∂ρ) ∧ τ ⊗X ∈ A0,2J (M,T
1,0
M)
+ ρ ∧ (Xyµτ )⊗ Y − (Y yµρ) ∧ τ ⊗X ∈ A1,1J (M,T
1,0
M)
+ ρ ∧ τ ⊗ [X, Y ]0,1. ∈ A0,2J (M,T
0,1
M)
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We denote the decomposition of [ϕ, ψ] as
A (ϕ,ψ) = ρ ∧ τ ⊗ [X,Y ]1,0 + ρ ∧ (Xy∂τ )⊗ Y − (Y y∂ρ) ∧ τ ⊗X,
B(ϕ,ψ) = ρ ∧ (Xyµτ )⊗ Y − (Y yµρ) ∧ τ ⊗X,
C (ϕ,ψ) = ρ ∧ τ ⊗ [X,Y ]0,1.
Without loss of generality, from now on, we will denote the decomposition of [ϕ,ψ] as A (ϕ,ψ), B(ϕ,ψ) and C (ϕ,ψ)
for general ϕ,ψ ∈ A0,1J (M,T
1,0M).
As a special case of Lemma 3.2, we get the following corollary.
Corollary 3.4. If ϕ,ψ ∈ A0,1J (M,T
1,0M), then
[L∇ϕ , iψ] = i[ϕ,ψ].
Corollary 3.4 implies that for ϕ,ψ ∈ A0,1J (M,T
1,0M),
i[ϕ,ψ]α =L
∇
ϕ (iψα)− iψL
∇
ϕα
= [iϕ,∇] ◦ iψα− iψ ◦ [iϕ,∇]α
=ϕy∇(ψyα) −∇(ϕyψyα) − ψyϕy∇α+ ψy∇(ϕyα). (3.15)
Equivalently in another version of (3.15) we have
[∇, iϕ] ◦ iψ = iψ ◦ [∇, iϕ]− i[ϕ,ψ],
i.e. we get
[ϕ, ψ]yα = ϕy∇(ψyα)−∇(ϕyψyα)− ψyϕy∇α+ ψy∇(ϕyα). (3.16)
(3.16) can be seen as a generalization of [LRY15, (3.3), (3.4)] from the complex case to the almost complex case.
Also see [LR12, Corollary 4.5, 4.6]. A connection ∇ on an almost complex manifold has a decomposition
∇ = µ+∇1,0 +∇0,1 + µ¯.
By comparing types, we get the following lemma.
Lemma 3.5.
iA (ϕ,ψ) = i
(−1,2)
[ϕ,ψ] = −∇
1,0 ◦ iϕiψ − iψiϕ ◦ ∇
1,0 + iψ ◦ ∇
1,0 ◦ iϕ + iϕ ◦ ∇
1,0 ◦ iψ. (3.17)
i(B(ϕ,ψ)+C(ϕ,ψ)) = i
(0,1)
[ϕ,ψ] = −µ ◦ iϕiψ − iψiϕ ◦ µ+ iψ ◦ µ ◦ iϕ + iϕ ◦ µ ◦ iψ. (3.18)
0 = −∇0,1 ◦ iϕiψ − iψiϕ ◦ ∇
0,1 + iψ ◦ ∇
0,1 ◦ iϕ + iϕ ◦ ∇
0,1 ◦ iψ. (3.19)
0 = −µ¯ ◦ iϕiψ − iψiϕ ◦ µ¯+ iψ ◦ µ¯ ◦ iϕ + iϕ ◦ µ¯ ◦ iψ.
At the same time, we get the following lemma.
Lemma 3.6. If ϕ, ψ ∈ A0,1J (M,T
1,0
M ), then
i[ϕ,ψ] =−∇
1,0 ◦ iϕiψ − iψiϕ ◦ ∇
1,0 + iψ ◦ ∇
1,0 ◦ iϕ + iϕ ◦ ∇
1,0 ◦ iψ
− µ ◦ iϕiψ − iψiϕ ◦ µ+ iψ ◦ µ ◦ iϕ + iϕ ◦ µ ◦ iψ .
The Cauchy-Riemannian operator ∂¯ defined in [Gau97, (2.7.2)] is
∂¯XY := [X, Y ]
1,0
, X ∈ T 0,1M,Y ∈ T 1,0M.
Note that by definition, under local basis {ei, ei¯}
n
i=1 we have
∂¯ej¯ei = [ej¯ , ei]
1,0 = ([ej¯ , ei]
1,0)kek
and equivalently
∂¯ei = ([ej¯ , ei]
1,0)kθj¯ ⊗ ek (3.20)
For the dual basis θi and the (0, 1)-part of the ordinary exterior differential d we have
∂¯θ
k(ei, ej¯) = dθ
k(ei, ej¯)
= ei(θ
k(ej¯))− ej¯(θ
k(ei))− θ
k([ei, ej¯ ])
= θk([ej¯ , ei]
1,0)
= ([ej¯ , ei]
1,0)k,
and thus
∂¯θ
k = ([ej¯ , ei]
1,0)kθi ∧ θj¯ . (3.21)
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Considering (3.20) and (3.21), we see the Cauchy-Riemannian operator and the (0, 1)-part of the ordinary exterior
differential as the same operator. We can naturally extend the operator ∂¯ to A0,p(M,T 1,0M) as
∂¯(ρ⊗ Y ) := ∂¯ρ⊗ Y + (−1)pρ ∧ ∂¯Y,
where ρ1∧(ρ2⊗Y ) := (ρ1∧ρ2)⊗Y for ρ1, ρ2 ∈ A
0,∗(M). The extended ∂¯ could be the (0, 1)-part of some connection
on almost complex manifolds, for example the (almost) Chern connection. (In [Gau97], this connection is called
the second canonical connection. In [Kob03], this connection is called the canonical almost hermitian connection.
Here we may call it the almost Chern connection to emphasise that it is the Chern connection on an almost complex
manifold.) If we choose ∇0,1 = ∂¯, then (3.19) becomes
0 = −∂¯(ϕyψyα) − ψyϕy ∂¯α+ ψy ∂¯(ϕyα) + ϕy ∂¯(ψyα). (3.22)
(3.22) is a generalization of [LRY15, (3.4)].
As a special case, if Ω ∈ An,0J (M), we get a generalization of the so-called Tian-Todorov lemma (see [Tia87,
Tod89]) in the almost complex case.
Lemma 3.7. Let ϕ,ψ ∈ A0,1J (M,T
1,0M), Ω ∈ An,0J (M) and µ ∈ A
2,0
J (M,T
0,1M). Then we have
[ϕ, ψ]yΩ = −µ(ϕyψyΩ) + ϕy ∂(ψyΩ) − ∂(ϕyψyΩ) + ψy ∂(ϕyΩ).
Proof. A direct consequence of (3.17) and (3.18). 
By Lemma 3.2, [ϕ, ψ] ∈ A0,2(M,T 0,1) ⊕ A0,2(M,T 1,0) ⊕ A1,1(M,T 1,0). We know that [ϕ, ψ]yΩ = [ϕ, ψ]1,0yΩ.
And we get the following lemma.
Lemma 3.8. Let Ω ∈ An,0(M), then
C (ϕ,ψ)yΩ = 0,
A (ϕ,ψ)yΩ = ϕy ∂(ψyΩ) − ∂(ϕyψyΩ) + ψy ∂(ϕyΩ),
B(ϕ,ψ)yΩ = −µ(ϕyψyΩ).
4. EXPONENTIAL OPERATOR AND EXTENSION FORMULA
4.1. Exponential operator and extension formula. By Corollary 3.4, for φ ∈ A0,1(M,T 1,0M), we have
[∇, iφ]iφα = −L
∇
φ iφα
= − iφL
∇
φ α− i[φ,φ]α
= iφ[∇, iφ]α− i[φ,φ]α. (4.1)
[∇, i2φ]α =∇(iφiφα)− iφiφ∇α
=∇ ◦ iφ(iφα) + iφ([∇, iφ]α−∇(iφα))
= [∇, iφ](iφα) + iφ[∇, iφ]α
= iφ[∇, iφ]α− i[φ,φ]α+ iφ[∇, iφ]α
=2iφ[∇, iφ]α− i[φ,φ]α. (4.2)
[∇, i3φ]α =∇ ◦ i
3
φα− i
3
φ∇α
=∇ ◦ i2φ(iφα) + i
2
φ([∇, iφ]α−∇iφα)
= [∇, i2φ](iφα) + i
2
φ ◦ [∇, iφ]α
=2iφ[∇, iφ]iφα− i[φ,φ]iφα+ i
2
φ[∇, iφ]α
=2iφiφ[∇, iφ]α− 2iφi[φ,φ]α− i[φ,φ]iφα+ i
2
φ[∇, iφ]α
=3i2φ[∇, iφ]α− 2iφi[φ,φ]α− i[φ,φ]iφα. (4.3)
Now we need the relation of iφi[φ,φ] and i[φ,φ]iφ.
Consider a more general case. Let ϕ,ψ, ξ ∈ A0,1(M,T 1,0M ). By Lemma 3.2, we know that [ϕ, ψ] has three
components. Now we will discuss according to types.
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(1) For A = Aki¯j¯ θ¯
i ∧ θ¯j ⊗ ek, ξ = ξ
q
p¯θ¯
p ⊗ eq, we have
iAiξα =A
k
i¯j¯ θ¯
i ∧ θ¯j ∧ eky (ξ
q
p¯θ¯
p ∧ eqyα)
= − Aki¯j¯ θ¯
i ∧ θ¯j ∧ ξqp¯θ¯
p ∧ (ekyeqyα)
= − Aki¯j¯ξ
q
p¯ θ¯
i ∧ θ¯j ∧ θ¯p ∧ (ekyeqyα),
iξiAα = ξ
q
p¯θ¯
p ∧ eqy(A
k
i¯j¯ θ¯
i ∧ θ¯j ∧ ekyα)
= ξqp¯θ¯
p ∧Aki¯j¯ θ¯
i ∧ θ¯j ∧ (eqyekyα)
= − Aki¯j¯ξ
q
p¯ θ¯
i ∧ θ¯j ∧ θ¯p ∧ (ekyeqyα).
Thus
iAiξ = iξiA,
for A ∈ A0,2(M,T 1,0M) and ξ ∈ A0,1(M,T 1,0M).
(2) For B = Bkij¯θ
i ∧ θ¯j ⊗ ek, we have
iBiξα =B
k
ij¯θ
i ∧ θ¯j ∧ eky (ξ
q
p¯θ¯
p ∧ eqyα)
= −Bkij¯ξ
q
p¯θ
i ∧ θ¯j ∧ θ¯p ∧ (ekyeqyα),
iξiBα = ξ
q
p¯θ¯
p ∧ eqy (B
k
ij¯θ
i ∧ θ¯j ∧ ekyα)
=Bkij¯ξ
q
p¯θ¯
p ∧ δiq θ¯
j ∧ (ekyα) −B
k
ij¯ξ
q
p¯θ
i ∧ θ¯j ∧ θ¯p ∧ (ekyeqyα)
=Bkij¯ξ
i
p¯θ¯
p ∧ θ¯j ∧ (ekyα) + iBiξα
= iiξBα+ iBiξα.
Thus
iξiBα− iBiξα = iiξBα.
(3) For C = C k¯i¯j¯ θ¯
i ∧ θ¯j ⊗ e¯k, we have
iξiCα = ξ
q
p¯θ¯
p ∧ eqy (C
k¯
i¯j¯ θ¯
i ∧ θ¯j ∧ e¯kyα)
=C k¯i¯j¯ξ
q
p¯ θ¯
p ∧ θ¯i ∧ θ¯j ∧ (eqye¯kyα)
= − C k¯i¯j¯ξ
q
p¯ θ¯
i ∧ θ¯j ∧ θ¯p ∧ (e¯kyeqyα),
iC iξα =C
k¯
i¯j¯ θ¯
i ∧ θ¯j ∧ e¯ky (ξ
q
p¯θ¯
p ∧ eqyα)
=C k¯i¯j¯ξ
q
p¯ θ¯
i ∧ θ¯jδpk ∧ (eqyα) − C
k¯
i¯j¯ξ
q
p¯ θ¯
i ∧ θ¯j ∧ θ¯p ∧ (e¯kyeqyα)
=C k¯i¯j¯ξ
q
k¯
θ¯
i ∧ θ¯j ∧ (eqyα)− C
k¯
i¯j¯ξ
q
p¯θ¯
i ∧ θ¯j ∧ θ¯p ∧ (e¯kyeqyα)
= iiCξα+ iξiCα.
Thus
iC iξα− iξiCα = iiCξα.
Lemma 4.1. For any A ∈ A0,2(M,T 1,0M), B ∈ A1,1(M,T 1,0M), C ∈ A0,2(M,T 0,1M) and ξ ∈ A0,1(M,T 1,0M),
we have
[iA, iξ] = iA ◦ iξ − iξ ◦ iA = 0,
[iB , iξ] = iB ◦ iξ − iξ ◦ iB = −iiξB,
[iC , iξ] = iC ◦ iξ − iξ ◦ iC = iiCξ.
By some simple calculations and applying Lemma 4.1, we can prove the following lemma.
Lemma 4.2. If ϕ, ψ, ξ ∈ A0,1(M,T 1,0M), then we have
[i[ϕ,ψ], iξ] = i[ϕ,ψ] ◦ iξ − iξ ◦ i[ϕ,ψ]
= i(i[ϕ,ψ]ξ−iξ [ϕ,ψ])
= i(iC(ϕ,ψ)ξ−iξB(ϕ,ψ)). (4.4)
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By Lemma 4.2, we can continue the calculation of (4.3).
[∇, i3φ]α =3i
2
φ[∇, iφ]α− 2iφ ◦ i[φ,φ]α− i[φ,φ]iφα
=3i2φ[∇, iφ]α− 2iφ ◦ i[φ,φ]α− (iφ ◦ i[φ,φ] + i(i[φ,φ]ξ−iξ [φ,φ]))α
=3i2φ[∇, iφ]α− 3iφ ◦ i[φ,φ]α− i(i[φ,φ]ξ−iξ [φ,φ]))α. (4.5)
[∇, i4φ]α =∇(i
3
φiφα)− i
3
φiφ∇α
=∇(i3φiφα) + i
3
φ([∇, iφ]−∇ ◦ iφ)α
=∇ ◦ i3φ(iφα) − i
3
φ ◦ ∇(iφα) + i
3
φ[∇, iφ]α
= [∇, i3φ](iφα) + i
3
φ[∇, iφ]α
=3i2φ[∇, iφ] ◦ iφα− 3iφi[φ,φ]iφα− i(i[φ,φ]φ−iφ[φ,φ]) ◦ iφα+ i
3
φ[∇, iφ]α
=3i2φ ◦ (iφ ◦ [∇, iφ]− i[φ,φ])α− 3iφ(iφi[φ,φ] + i(i[φ,φ]φ−iφ[φ,φ]))α
− i(i[φ,φ]φ−iφ[φ,φ]) ◦ iφα+ i
3
φ ◦ [∇, iφ]α
=3i3φ[∇, iφ]α− 3i
2
φi[φ,φ]α− 3i
2
φi[φ,φ]α− 3iφ ◦ i(i[φ,φ]φ−iφ[φ,φ])α
− i(i[φ,φ]φ−iφ[φ,φ]) ◦ iφα+ i
3
φ[∇, iφ]α
=4i3φ[∇, iφ]α− 6i
2
φi[φ,φ]α− 3iφ ◦ i(i[φ,φ]φ−iφ[φ,φ])α− i(i[φ,φ]φ−iφ[φ,φ]) ◦ iφα. (4.6)
Now we need to calculate
iφ ◦ i(i[φ,φ]φ−iφ[φ,φ]) − i(i[φ,φ]φ−iφ[φ,φ]) ◦ iφ.
We give the following lemma.
Lemma 4.3. If ϕ, ξ ∈ A0,1J (M,T
1,0M) and ψ ∈ A0,2J (M,T
1,0M)⊕ A1,1J (M,T
1,0M)⊕ A0,2J (M,T
0,1M), then
iϕ ◦ i(iψξ−iξψ) = i(iψξ−iξψ) ◦ iϕ.
Proof. Note that iψξ − iξψ ∈ A
0,2
J (M,T
1,0M). 
As a direct consequence of Lemma 4.3, for φ ∈ A0,1J (M,T
1,0M) we have
iφ ◦ i(i[φ,φ]φ−iφ[φ,φ]) = i(i[φ,φ]φ−iφ[φ,φ]) ◦ iφ. (4.7)
By (4.7), we continue the calculation of (4.6).
[∇, i4φ]α =4i
3
φ[∇, iφ]α− 6i
2
φi[φ,φ]α− 3iφ ◦ i(i[φ,φ]φ−iφ[φ,φ])α− i(i[φ,φ]φ−iφ[φ,φ]) ◦ iφα
=4i3φ[∇, iφ]α− 6i
2
φi[φ,φ]α− 4iφ ◦ i(i[φ,φ]φ−iφ[φ,φ])α. (4.8)
By comparing (4.2), (4.5), (4.8) and considering (4.7), we introduce the following proposition.
Proposition 4.4. Let (M,J) be an almost complex manifold, φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential, E be a
vector bundle onM and ∇ be a connection of E. Then we have
[∇, ikφ] = ki
k−1
φ ◦ [∇, iφ]−
k(k − 1)
2
i
k−2
φ ◦ i[φ,φ] −
k(k − 1)(k − 2)
3!
i
k−3
φ ◦ i(i[φ,φ]φ−iφ[φ,φ]). (4.9)
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Proof. For n = 2, 3, 4, we already have (4.5),(4.2), (4.6). Now we assume that (4.9) holds for n = k. For the case
n = k + 1, we have
[∇, ik+1φ ]α =∇ ◦ i
k
φ(iφα) − i
k
φ(iφ ◦ ∇)α
=∇ ◦ ikφ(iφα) + i
k
φ([∇, iφ]−∇ ◦ iφ)α
=∇ ◦ ikφ(iφα) − i
k
φ ◦ ∇(iφα) + i
k
φ ◦ [∇, iφ]α
= [∇, ikφ](iφα) + i
k
φ ◦ [∇, iφ]α
= kik−1φ ◦ [∇, iφ](iφα)−
k(k − 1)
2
i
k−2
φ ◦ i[φ,φ](iφα)
−
k(k − 1)(k − 2)
3!
i
k−3
φ ◦ i(i[φ,φ]φ−iφ[φ,φ])(iφα) + i
k
φ ◦ [∇, iφ]α
= kik−1φ ◦ (iφ ◦ [∇, iφ]− i[φ,φ])α (By (4.1))
−
k(k − 1)
2
i
k−2
φ ◦
(
iφi[φ,φ] + i(i[φ,φ]φ−iφ[φ,φ])
)
α (By (4.4))
−
k(k − 1)(k − 2)
3!
i
k−3
φ ◦ iφi(i[φ,φ]φ−iφ[φ,φ])α (By (4.7))
+ ikφ ◦ [∇, iφ]α
= kikφ ◦ [∇, iφ]α− ki
k−1
φ i[φ,φ]α−
k(k − 1)
2
i
k−1
φ ◦ i[φ,φ]α−
k(k − 1)
2
i
k−2
φ ◦ i(i[φ,φ]φ−iφ[φ,φ])α
−
k(k − 1)(k − 2)
3!
i
k−2
φ ◦ i(i[φ,φ]φ−iφ[φ,φ])α+ i
k
φ ◦ [∇, iφ]α
=(k + 1)ikφ ◦ [∇, iφ]α−
(k + 1)k
2
i
k−1
φ ◦ i[φ,φ]α−
(k + 1)k(k − 1)
3!
i
k−2
φ ◦ i(i[φ,φ]φ−iφ[φ,φ])α.
We have proved the lemma. 
On the base of Lemma 4.4, we can prove the following theorem.
Theorem 4.5. Let (M,J) be an almost complex manifold, E → M be a vector bundle over M , ∇ be a connection
of E and φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential that generates a new almost complex structure Jφ. Then on
A
∗,∗
J (M,E), we have
e
−iφ ◦ ∇ ◦ eiφ = ∇− L∇φ − i 1
2
[φ,φ] − i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
. (4.10)
Proof. A direct consequence of ∇ ◦ ikφ − i
k
φ ◦ ∇ = [∇, i
k
φ] and Lemma 4.4, we have
∇ ◦
1
k!
i
k
φ −
1
k!
i
k
φ ◦ ∇
=
1
k!
ki
k−1
φ ◦ [∇, iφ]−
1
k!
k(k − 1)
2
i
k−2
φ ◦ i[φ,φ] −
1
k!
k(k − 1)(k − 2)
3!
i
k−3
φ ◦ i(i[φ,φ]φ−iφ[φ,φ])
=
1
(k − 1)!
i
k−1
φ ◦ [∇, iφ]−
1
(k − 2)!
i
k−2
φ ◦ i 1
2
[φ,φ] −
1
(k − 3)!
i
k−3
φ ◦ i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
.
Thus
∇ ◦ eiφ − eiφ ◦ ∇ = eiφ ◦ [∇, iφ]− e
iφ ◦ i 1
2
[φ,φ] − e
iφ ◦ i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
.

If we choose the vector bundle to be the trivial bundleM ×R and the connection to be the exterior differential d,
then we have the following corollary.
Corollary 4.6. Let (M,J) be an almost complex manifold, d be the ordinary exterior differential operator overM . Then
e
−iφ ◦ d ◦ eiφ = d− Lφ − i 1
2
[φ,φ] − i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
.
When ∇0,1 = ∂¯, we have the following useful lemma.
Lemma 4.7. Let φ be a Beltrami differential, ∂¯ be the (extended) Cauchy-Riemannian operator and α ∈ Ap,qJ (M), then
∂¯(φyα) = (∂¯φ)yα+ φy ∂¯α.
Equivalently
[∂¯, iφ] = i∂¯φ.
16 JI-XIANG FU AND HAI-SHENG LIU∗
Proof. For α = αi1...ipJ¯θ
i1 ∧ · · · ∧ θip ∧ θJ¯ , |J¯ | = q,
∂¯(ekyα) = ∂¯(αi1...ipJ¯eky(θ
i1 ∧ · · · ∧ θip ∧ θJ¯ ))
= ∂¯αi1...ipJ¯ ∧ (eky(θ
i1 ∧ · · · ∧ θip ∧ θJ¯ ))
+ αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1∂¯(θi1 ∧ · · · ∧ θiℓ−1 ∧ (ekyθ
iℓ ) ∧ θiℓ+1 ∧ · · · ∧ θip ∧ θJ¯ )
= ∂¯αi1...ipJ¯ ∧ eky(θ
i1 ∧ · · · ∧ θip ∧ θJ¯ )
+ αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1
ℓ−1∑
t=1
(−1)t−1θi1 ∧ · · · ∧ ∂¯θit ∧ · · · ∧ θiℓ−1 ∧ (ekyθ
iℓ ) ∧ θiℓ+1 ∧ · · · ∧ θip ∧ θJ¯
+ αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1
p∑
t=ℓ+1
(−1)tθi1 ∧ · · · ∧ θiℓ−1 ∧ (ekyθ
iℓ ) ∧ θiℓ+1 ∧ · · · ∧ ∂¯θit ∧ · · · ∧ θip ∧ θJ¯
+ αi1...ipJ¯(−1)
p+1
eky(θ
i1 ∧ · · · ∧ θip ∧ ∂¯θJ¯ )
= ∂¯αi1...ipJ¯ ∧ eky(θ
i1 ∧ · · · ∧ θip ∧ θJ¯ )
+ αi1...ipJ¯
p∑
ℓ=1
ℓ−1∑
t=1
(−1)ℓ+tθi1 ∧ · · · ∧ ∂¯θit ∧ · · · ∧ θiℓ−1 ∧ (ekyθ
iℓ ) ∧ θiℓ+1 ∧ · · · ∧ θip ∧ θJ¯
+ αi1...ipJ¯
p∑
ℓ=1
p∑
t=ℓ+1
(−1)ℓ+t−1θi1 ∧ · · · ∧ θiℓ−1 ∧ (ekyθ
iℓ ) ∧ θiℓ+1 ∧ · · · ∧ ∂¯θit ∧ · · · ∧ θip ∧ θJ¯
+ αi1...ipJ¯(−1)
p+1
eky(θ
i1 ∧ · · · ∧ θip ∧ ∂¯θJ¯ ). (4.11)
∂¯ekyα = ∂¯ekyαi1...ipJ¯θ
i1 ∧ · · · ∧ θip ∧ θJ¯
=αi1...ip j¯1...j¯q ∂¯eky(θ
i1 ∧ · · · ∧ θip ∧ θj¯1 ∧ · · · ∧ θj¯q )
=αi1...ipJ¯
p∑
ℓ=1
θ
i1 ∧ · · · ∧ (∂¯ekyθ
iℓ) ∧ · · · ∧ θip ∧ θJ¯
=αi1...ipJ¯
p∑
ℓ=1
θ
i1 ∧ · · · ∧ (eky∂¯θ
iℓ) ∧ · · · ∧ θip ∧ θJ¯
=αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1eky(θ
i1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯ )
− αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1
ℓ−1∑
t=1
(−1)t−1θi1 ∧ · · · ∧ (ekyθ
it ) ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯
− αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1
p∑
t=ℓ+1
(−1)tθi1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · (ekyθ
it) ∧ · · · ∧ θip ∧ θJ¯
}
=αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1eky(θ
i1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯ )
− αi1...ipJ¯
p∑
ℓ=1
ℓ−1∑
t=1
(−1)ℓ+tθi1 ∧ · · · ∧ (ekyθ
it) ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯
− αi1...ipJ¯
p∑
ℓ=1
p∑
t=ℓ+1
(−1)ℓ+t−1θi1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · (ekyθ
it) ∧ · · · ∧ θip ∧ θJ¯
=αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1eky(θ
i1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯ )
+ αi1...ipJ¯
p∑
ℓ=1
∑
t<ℓ
(−1)ℓ+t−1θi1 ∧ · · · ∧ (ekyθ
it ) ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯
+ αi1...ipJ¯
p∑
ℓ=1
∑
t>ℓ
(−1)ℓ+tθi1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · (ekyθ
it) ∧ · · · ∧ θip ∧ θJ¯
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=αi1...ipJ¯
p∑
ℓ=1
(−1)ℓ−1eky(θ
i1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯ )
+ αi1...ipJ¯
p∑
ℓ=1
∑
t>ℓ
(−1)ℓ+t−1θi1 ∧ · · · ∧ (ekyθ
iℓ ) ∧ · · · ∧ ∂¯θit ∧ · · · ∧ θip ∧ θJ¯ (By direct observation.)
+ αi1...ipJ¯
p∑
ℓ=1
∑
t<ℓ
(−1)ℓ+tθi1 ∧ · · · ∧ ∂¯θit ∧ · · · (ekyθ
iℓ) ∧ · · · ∧ θip ∧ θJ¯ . (4.12)
eky∂¯α = eky∂¯(αi1...ipJ¯θ
i1 ∧ · · · ∧ θip ∧ θJ¯ )
= eky(∂¯αi1...ipJ¯ ∧ θ
i1 ∧ · · · ∧ θip ∧ θJ¯ ) + αi1...ipJ¯eky∂¯(θ
i1 ∧ · · · ∧ θip ∧ θJ¯ )
= − ∂¯αi1...ipJ¯ ∧ eky(θ
i1 ∧ · · · ∧ θip ∧ θJ¯) + αi1...ipJ¯eky
p∑
ℓ=1
(−1)ℓ−1θi1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯
+ αi1...ipJ¯eky(−1)
p+1(θi1 ∧ · · · ∧ θip ∧ ∂¯θJ¯ )
= − ∂¯αi1...ipJ¯ ∧ eky(θ
i1 ∧ · · · ∧ θip ∧ θJ¯) + αi1...ipJ¯eky
p∑
ℓ=1
(−1)ℓ−1θi1 ∧ · · · ∧ ∂¯θiℓ ∧ · · · ∧ θip ∧ θJ¯
+ αi1...ipJ¯ (−1)
p
eky(θ
i1 ∧ · · · ∧ θip ∧ ∂¯θJ¯ ). (4.13)
Comparing (4.11), (4.12) and (4.13) we get
∂¯(ekyα) = (∂¯ek)yα− eky(∂¯α). (4.14)
For φ = φr ⊗ er ∈ A
0,1
J (M,T
1,0M), we have
∂¯(φyα) = ∂¯(φr ∧ (eryα))
= ∂¯φr ∧ (eryα) − φ
r ∧ ∂¯(eryα)
= ∂¯φr ∧ (eryα) − φ
r ∧ ((∂¯er)yα− ery∂¯α) By (4.14)
= ∂¯φr ∧ (eryα) − φ
r ∧ (∂¯er)yα+ φ
r ∧ (ery∂¯α)
= ∂¯φyα+ φy ∂¯α.
We have proved
∂¯(φyα) = ∂¯φyα+ φy ∂¯α.

By Lemma 4.7 and [µ¯, iφ] = 0, we can rewrite Corollary 4.6 as
Corollary 4.8. Let (M,J) be an almost complex manifold, d be the ordinary exterior differential operator overM . Then
e
−iφ ◦ d ◦ eiφ = d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ), (4.15)
where
MC(φ) := ∂¯φ−
1
2
A (φ,φ)−
1
3!
(i[φ,φ]φ− iφ[φ, φ]).
Proof.
e
−iφ ◦ d ◦ eiφ = d− Lµφ − L
∂
φ + i∂¯φ− 1
2
[φ,φ] − i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
= d+ [µ, iφ] + [∂, iφ] + i∂¯φ− 1
2
[φ,φ] − i 1
3!
(i[φ,φ]φ−iφ[φ,φ])
= d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ).

Now we introduce the almost complex Maurer-Cartan equation as
MC(φ) = 0. (4.16)
We would like to point out that the almost complex Maurer-Cartan equation reduces to the well-known Maurer-
Cartan equation on complex manifolds, i.e.
∂¯φ−
1
2
[φ, φ] = 0.
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4.2. Extended exponential operator and extension formula. [ZR15, Definition 1.1] and [RWZ16] introduce an
extension of eiφ ,
e
iφ|iφ¯ : Ap,qJ (M)→ A
p,q
φ (M).
For any α = 1
p!q!
αi1···ip j¯1···j¯qθ
i1 ∧ · · · ∧ θip ∧ θj¯1 ∧ · · · ∧ θj¯q ,
e
iφ|iφ¯(α) :=
1
p!q!
αi1···ip j¯1···j¯qe
iφ(θi1) ∧ · · · ∧ eiφ(θip) ∧ eiφ¯(θj¯1) ∧ · · · ∧ eiφ¯ (θj¯q ).
Since iφ and iφ¯ are contractions, this definition is independent of the choice of basis. There are several properties of
the map eiφ|iφ¯ , which have been proved in the complex case in [RZ18]. The proofs in this paper are basicly the same
as [RZ18]. We give them here just for the readers’ convenience and completeness of this manuscript.
Lemma 4.9. [RZ18, Lemma 2.9] Let (M,J) be an almost complex manifold and φ ∈ A0,1J (M,T
1,0M) that induces a
new almost complex structure Jφ (i.e. φ is a Beltrami differential), then
e
iφ|iφ¯ : Ap,qJ (M)→ A
p,q
φ (M),
is a linear isomorphism.
Proof. Note that
e
iφ|iφ¯ :
{
A
1,0
J → A
1,0
φ : θ
i 7→ θiφ
A
0,1
J → A
0,1
φ : θ
i¯ 7→ θi¯φ
.

Lemma 4.10.
e
iφ((I − φ¯ · φ+ φ¯)y θk) = (I + φ)y θk = eiφ(θk),
and
e
iφ((I − φ¯ · φ+ φ¯)y θk¯) = (I + φ¯)y θk¯ = eiφ¯(θk¯).
Proof. Put φij¯θ
j¯ ⊗ ei, φ¯ = φ
i¯
jθ
j ⊗ ei¯. By direct calculation we get
e
iφ((I − φ¯ · φ+ φ¯)y θk) = eiφ((I − φij¯θ
j¯ ∧ eiy(φ
p¯
qθ
q ⊗ ep¯) + φ
i¯
jθ
j ⊗ ei¯)yθ
k)
= eiφ((I − φij¯φ
p¯
i θ
j¯ ⊗ ep¯ + φ
i¯
jθ
j ⊗ ei¯)yθ
k)
= eiφ(θk),
and
e
iφ((I − φ¯ · φ+ φ¯)y θk¯) = eiφ((I − φij¯φ
p¯
i θ
j¯ ⊗ ep¯ + φ
i¯
jθ
j ⊗ ei¯)yθ
k¯)
= (I + φ)y(θk¯ − φij¯φ
k¯
i θ
j¯ + φk¯j θ
j)
= θk¯ − φij¯φ
k¯
i θ
j¯ + φk¯j θ
j + φpq¯θ
q¯ ∧ epy(φ
k¯
j θ
j)
= θk¯ − φij¯φ
k¯
i θ
j¯ + φk¯j θ
j + φjq¯φ
k¯
j θ
q¯
= θk¯ + φk¯j θ
j
=(I + φ¯)yθk¯
= eiφ¯(θk¯).

Lemma 4.11. [RZ18, Lemma 2.10] eiφ|iφ¯ is a real operator.
Proof. Check that for any α ∈ Ap,qJ (M),
eiφ|iφ¯(α) = eiφ|iφ¯(α).

[RWZ16, Equation 2.8] introduces the simultaneous contraction (denoted “` ”) on each component of a complex
differential form. For example, if ϕ is a contraction operator,
α = αIp,J¯qθ
i1 ∧ · · · ∧ θip ∧ θj¯1 ∧ · · · ∧ θj¯q ,
then
ϕ`α := αi1···ip,j¯1···j¯q (ϕy θ
i1) ∧ · · · ∧ (ϕy θip) ∧ (ϕy θj¯1 ) ∧ · · · ∧ (ϕy θj¯q ). (4.17)
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Remark 4.12. By the definition of the simultaneous contraction ` , one can check that generally
(ϕ+ ψ)`α 6= ϕ`α+ ψ`α.
When α ∈ A1(M), we have
(ϕ+ ψ)`α = (ϕ+ ψ)yα = ϕyα+ ψyα.
Lemma 4.13.
θ
j¯ = eiφ|iφ¯((−φ¯ · (I ′ − φ · φ¯)−1 + (I ′′ − φ¯ · φ)−1)y θj¯).
Proof.
θ
j¯ =(Φ−1)j¯λθ
λ
φ
=(Φ−1)j¯kθ
k
φ + (Φ
−1)j¯
ℓ¯
θ
ℓ¯
φ
=(−φ¯ · (I ′ − φ · φ¯)−1)j¯kθ
k
φ + ((I
′′ − φ¯ · φ)−1)j¯
ℓ¯
θ
ℓ¯
φ
=(−φ¯ · (I ′ − φ · φ¯)−1)j¯ke
iφ(θk) + ((I ′′ − φ¯ · φ)−1)j¯
ℓ¯
e
iφ¯(θℓ¯)
= eiφ((−φ¯ · (I ′′ − φ · φ¯)−1)j¯kθ
k) + eiφ¯ (((I ′′ − φ¯ · φ)−1)j¯
ℓ¯
θ
ℓ¯)
= eiφ(−φ¯ · (I ′ − φ · φ¯)−1yθj¯) + eiφ¯((I ′′ − φ¯ · φ)−1yθj¯)
= eiφ|iφ¯(−φ¯ · (I ′ − φ · φ¯)−1yθj¯ + (I ′′ − φ¯ · φ)−1yθj¯)
= eiφ|iφ¯
(
(−φ¯ · (I ′ − φ · φ¯)−1 + (I ′′ − φ¯ · φ)−1)y θj¯
)
.

As in [RZ18, p.3003, line -2], via ` , the operator eiφ|iφ¯ could be expressed as
e
iφ|iφ¯ = (I + φ+ φ¯)` .
Lemma 4.14. [RZ18, Lemma 2.12]
e
−iφ ◦ eiφ|iφ¯ = (I − φ¯ · φ+ φ¯)` ,
e
−iφ|−iφ¯ ◦ eiφ = (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` .
Proof. For any α ∈ Ap,qJ (M),
e
iφ((I − φ¯ · φ+ φ¯)`α)
= eiφ(αIp,J¯q · · · ∧ (I − φ¯ · φ+ φ¯)yθ
ip ∧ · · · ∧ (I − φ¯ · φ+ φ¯)yθj¯q ∧ · · · )
=αIp,J¯q · · · ∧ e
iφ((I − φ¯ · φ+ φ¯)yθip ) ∧ · · · ∧ eiφ
(
(I − φ¯ · φ+ φ¯)yθj¯q
)
∧ · · · (by Lemma 4.10)
=αIp,J¯q · · · ∧ e
iφ(θip) ∧ · · · ∧ eiφ¯(θj¯q ) ∧ · · ·
= eiφ|iφ¯(α).
By Lemma 4.13, we have
e
iφ(α) =αIp,J¯qe
iφ(θIp ) ∧ θJ¯q
=αIp,J¯qe
iφ(θIp ) ∧ · · · ∧ (eiφ|iφ¯(((I ′′ − φ¯ · φ)−1 − φ¯(I − φ · φ¯)−1)yθj¯q )) ∧ · · · (by Lemma 4.13)
=αIp,J¯qe
iφ(θIp ) ∧ eiφ|iφ(((I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` θJ¯q )
=αIp,J¯qe
iφ|iφ¯ (θIp ∧ ((I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` θJ¯q ).
Thus we get
e
−iφ|−iφ¯ ◦ eiφ(α) =αIp,J¯qθ
Ip ∧ ((I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` θJ¯q
=αIp,J¯q (I
′
` θ
Ip) ∧ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` θJ¯q
=αIp,J¯q (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (θIp ∧ θJ¯q )
= (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`α.

Using Lemma 4.10 and Lemma 4.14, we get the following theorem.
Theorem 4.15. Let eiφ|iφ¯ be the extended exponential operator. For any α ∈ Ap,qJ (M), we have
d(eiφ|iφ¯(α)) = eiφ|iφ¯
{
((I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)
`
(
d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ)
)
◦ (I − φ¯ · φ+ φ¯)`α
}
. (4.18)
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Proof. Considering (4.15), we check by direct calculations.
d(eiφ|iφ¯ (α))
= d ◦ eiφ ◦ e−iφ ◦ eiφ|iφ¯(α)
= eiφ ◦ (d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ)) ◦ e
−iφ ◦ eiφ|iφ¯(α)
= eiφ|iφ¯ ◦ e−iφ|−iφ¯ ◦ eiφ ◦ (d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ)) ◦ e
−iφ ◦ eiφ|iφ¯(α)
= eiφ|iφ¯ ((I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ))
◦ (I − φ¯ · φ+ φ¯)`α). (By Lemma 4.14)

5. DECOMPOSITION OF THE EXTENSION FORMULA
5.1. Decomposition type one. Note that (3.15)
[∇, iϕ] ◦ iψ = iψ ◦ [∇, iϕ]− i[ϕ,ψ],
could be decomposed via types into the following four equations.
[µ, iϕ] ◦ iψ = iψ ◦ [µ, iϕ]− iB(ϕ,ψ)+C(ϕ,ψ),
[∇1,0, iϕ] ◦ iψ = iψ ◦ [∇
1,0
, iϕ]− iA (ϕ,ψ),
[∇0,1, iϕ] ◦ iψ = iψ ◦ [∇
0,1
, iϕ],
[µ¯, iϕ] ◦ iψ = iψ ◦ [µ¯, iϕ].
Using these equations and calculating as the former section, we can prove the following lemma.
Lemma 5.1. Let (M,J) be an almost complex manifold, φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential, E → M be a
vector bundle onM and ∇ be a connection of E. Then on A∗,∗J (M,E) we have
[µ, ikφ] = ki
k−1
φ ◦ [µ, iφ]−
k(k − 1)
2
i
k−2
φ ◦ i(B(φ,φ)+C(φ,φ))
−
k(k − 1)(k − 2)
3!
i
k−3
φ ◦ i(iC(φ,φ)φ−iφB(φ,φ)),
[∇1,0, ikφ] = ki
k−1
φ ◦ [∇
1,0
, iφ]−
k(k − 1)
2
i
k−2
φ ◦ iA (φ,φ),
[∇0,1, ikφ] = ki
k−1
φ ◦ [∇
0,1
, iφ],
[µ¯, ikφ] = ki
k−1
φ ◦ [µ¯, iφ].
Proof. By Lemma 4.1, Lemma 4.2, the fact that
A (φ,φ) ∈ A0,2J (M,T
1,0
M),
and
B(φ, φ) ∈ A1,1J (M,T
1,0
M), C (φ, φ) ∈ A0,2J (M,T
0,1
M),
we have
iA (φ,φ) ◦ iφ = iφ ◦ iA (φ,φ), (5.1)
and
i(B(φ,φ)+C(φ,φ)) ◦ iφ − iφ ◦ i(B(φ,φ)+C(φ,φ)) = ii(B(φ,φ)+C(φ,φ))φ−iφ(B(φ,φ)+C(φ,φ))
= i(iC(φ,φ)φ−iφB(φ,φ)). (5.2)
By Lemma 4.3 we have
i(iC(φ,φ)φ−iφB(φ,φ)) ◦ iφ = iφ ◦ i(iC(φ,φ)φ−iφB(φ,φ)). (5.3)
Comparing the proof of Lemma 4.4, the key point of the proof is the commutators (5.1), (5.2) and (5.3). Following
the proof of Lemma 4.4, we can prove the lemma. 
Using Lemma 5.1, we can prove the following theorem, which is a decomposition of (4.10) according to types.
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TABLE 1. Types of operators
type O1 O2 O3 total type
(2,−1) µ (3,−2)
(1, 0) ∂ + [µ, iφ] (2,−1)
(1,−1) −φ¯ · (I ′ − φ · φ¯)−1 φ¯ (1, 0)
(0, 1) ∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) (0, 1)
(0, 0) I ′ + (I ′′ − φ¯ · φ)−1 I − φ¯ · φ (−1, 2)
(−1, 2) µ¯+ iMC(φ) (4,−3)
Theorem 5.2. Let (M,J) be an almost complex manifold, φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential, E → M be
a vector bundle onM and ∇ be a connection of E. We have
e
−iφ ◦ µ ◦ eiφ = µ− Lµφ − i 1
2
(B(φ,φ)+C(φ,φ)) − i 1
3!
(iC(φ,φ)φ−iφB(φ,φ))
,
e
−iφ ◦ ∇1,0 ◦ eiφ = ∇1,0 −L∇
1,0
φ − i 1
2
A (φ,φ),
e
−iφ ◦ ∇0,1 ◦ eiφ = ∇0,1 −L∇
0,1
φ ,
e
−iφ ◦ µ¯ ◦ eiφ = µ¯− Lµ¯φ.
For the exterior differential d we also have the following corollary.
Corollary 5.3. Let (M,J) be an almost complex manifold and φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential. We have
e
−iφ ◦ µ ◦ eiφ = µ− Lµφ − i 1
2
(B(φ,φ)+C(φ,φ)) − i 1
3!
(iC(φ,φ)φ−iφB(φ,φ))
,
e
−iφ ◦ ∂ ◦ eiφ = ∂ − L∂φ − i 1
2
A (φ,φ),
e
−iφ ◦ ∂¯ ◦ eiφ = ∂¯ − L∂¯φ,
e
−iφ ◦ µ¯ ◦ eiφ = µ¯− Lµ¯φ.
5.2. Decomposition type two. In this subsection, we decompose (4.18) according to the types of both sides. One
should keep in mind Remark 2.3 and the fact that contractions are pointwisely linear.
φ¯ · (I ′ − φ · φ¯)−1 ∈ A1,0φ (M,T
0,1
M), (I ′′ − φ¯ · φ)−1 ∈ A0,1φ (M,T
0,1
M).
Denote
O1 = I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1,
O2 = d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ),
O3 = I − φ¯ · φ+ φ¯.
We list the types of the operators in Tabulation 1. The leftmost column in the tabulation is the type of the corre-
sponding operator. The rightmost column in the tabulation lists all the possible types of the composition operator
O1 ◦ O2 ◦ O3. Considering Remark 2.3, we should be careful with the types the the decomposition of O1 ◦ O2 ◦ O3,
or similarly of
d(eiφ|iφ¯(α)) = eiφ|iφ¯(O1` (O2(O3`α))).
Since I ∈ A0,1(M,T 0,1)⊕ A1,0(M,T 1,0), φ¯ · φ ∈ A0,1(M,T 0,1) and φ¯ ∈ A1,0(M,T 0,1), we know that
(I − φ¯ · φ+ φ¯)`α
=αi1...ip j¯1...j¯q (I − φ¯ · φ+ φ¯)yθ
i1 ∧ · · · ∧ (I − φ¯ · φ+ φ¯)yθip ∧ (I − φ¯ · φ+ φ¯)yθj¯1 ∧ · · · ∧ (I − φ¯ · φ+ φ¯)yθj¯q
=αi1...ip j¯1...j¯qθ
i1 ∧ · · · ∧ θip ∧ (I − φ¯ · φ+ φ¯)yθj¯1 ∧ · · · ∧ (I − φ¯ · φ+ φ¯)yθj¯q
=αi1...ip j¯1...j¯qθ
i1 ∧ · · · ∧ θip ∧ ((I − φ¯ · φ)j¯1
ℓ¯1
θ
ℓ¯1 + φj¯1k1θ
k1) ∧ · · · ∧ ((I − φ¯ · φ)
j¯q
ℓ¯q
θ
ℓ¯q + φ
j¯q
kq
θ
kq ).
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So we get
(I − φ¯ · φ+ φ¯)`α =
q∑
s=0
P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α),
where
P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)
=αi1...ip j¯1...j¯q
∑
1≤r1<···rs≤q
δ
1···q
r1···rsr
c
1···r
c
q−s
φ
j¯r1
k1
· · · φ
j¯rs
ks
(I − φ¯ · φ)
j¯rc1
ℓ¯q−s
· · · (I − φ¯ · φ)
j¯rc
q−s
ℓ¯q
θ
i1 ∧ · · · ∧ θip ∧ θk1 ∧ · · · ∧ θks ∧ θℓ¯q−s ∧ · · · ∧ θℓ¯q ,
where rc1 < . . . < r
c
q−s and {r1, · · · , rs, r
c
1, · · · r
c
q−s} = {1, . . . , q}. Now we need to calculate
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1
)
` .
Note that
(I ′′ − φ¯ · φ)−1 ∈ A0,1J (M,T
0,1), φ¯ · (I ′ − φ · φ¯)−1 ∈ A1,0J (M,T
0,1).
Formally we have
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`α =
q∑
s=0
P
p+s,q−s
J ((I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`α).
The precise calculation is
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`α
=αi1...ip j¯1...j¯q (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)yθi1 ∧ · · · ∧ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)yθip
∧ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)y θj¯1 ∧ · · · ∧ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)y θj¯q
=αi1...ip j¯1...j¯qθ
i1 ∧ · · · ∧ θip
∧ (((I ′′ − φ¯ · φ)−1)j¯1
ℓ¯1
θ
ℓ¯1 − (φ¯ · (I ′ − φ · φ¯)−1)j¯1k1θ
k1) ∧ · · · ∧ (((I ′′ − φ¯ · φ)−1)
j¯q
ℓ¯q
θ
ℓ¯q − (φ¯ · (I ′ − φ · φ¯)−1)
j¯q
kq
θ
kq ),
and
P
p+s,q−s
J ((I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`α)
= (−1)sαi1...ip j¯1...j¯q
∑
1≤r1<···<rs≤q
δ
1···q
r1···rsr
c
1···r
c
q−s
(φ¯ · (I ′ − φ · φ¯)−1)
j¯r1
k1
· · · (φ¯ · (I ′ − φ · φ¯)−1)
j¯rs
ks
· (I ′′ − φ¯ · φ)
j¯rc1
ℓ¯q−s
· · · (I ′′ − φ¯ · φ)
j¯rc
q−s
ℓ¯q
θ
i1 ∧ · · · ∧ θip ∧ θk1 ∧ · · · ∧ θks ∧ θℓ¯q−s ∧ · · · ∧ θℓ¯q .
where rc1 < . . . < r
c
q−s and {r1, · · · , rs, r
c
1, · · · r
c
q−s} = {1, . . . , q}. Now we can compute O1 ◦O2 ◦ O3.
O1 ◦ O2 ◦O3(α)
= (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`
(
d+ [µ, iφ] + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)) + iMC(φ)
)
◦ (I − φ¯ · φ+ φ¯)`α
=(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`
(
µ︸︷︷︸
2,−1
+ ∂ + [µ, iφ]︸ ︷︷ ︸
1,0
+ ∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ))︸ ︷︷ ︸
0,1
+ µ¯+ iMC(φ)︸ ︷︷ ︸
−1,2
)
◦
q∑
s=0
P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)
= (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` µ︸︷︷︸
2,−1
q∑
s=0
P
p+s,q−s
J ((I
′′ − φ¯ · φ+ φ¯)`α)
+ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` ∂ + [µ, iφ]︸ ︷︷ ︸
1,0
q∑
s=0
P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)
+ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ))︸ ︷︷ ︸
0,1
)
q∑
s=0
P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)
+ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`(µ¯+ iMC(φ)︸ ︷︷ ︸
−1,2
)
q∑
s=0
P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)
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=
q∑
s=0
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`µP p+s,q−sJ ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+2,q−s−1)
+
q∑
s=0
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+1,q−s)
+
q∑
s=0
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s,q−s+1
+
q∑
s=0
(I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s−1,q−s+2
=
q∑
s=0
q−s−1∑
t=0
P
p+s+2+t,q−s−1−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`µP p+s,q−sJ ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+2,q−s−1)
+
q∑
s=0
q−s∑
t=0
P
p+s+1+t,q−s−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+1,q−s)
+
q∑
s=0
q−s+1∑
t=0
P
p+s+t,q−s+1−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`
(∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s,q−s+1
+
q∑
s=0
q−s+2∑
t=0
P
p+s−1+t,q−s+2−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`
(µ¯+ iMC(φ))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s−1,q−s+2
.
By the above equation, we know that the J(2,−1)-term is
(O1 ◦O2 ◦ O3(α))
2,−1
J
=
∑
s+t=0
P
p+s+2+t,q−s−1−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` µP p+s,q−sJ ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+2,q−s−1)
+
∑
s+t=1
P
p+s+1+t,q−s−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+1,q−s)
+
∑
s+t=2
P
p+s+t,q−s+1−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s,q−s+1
+
∑
s+t=3
P
p+s−1+t,q−s+2−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s−1,q−s+2
}
=
∑
s+t=0
P
p+2,q−1
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` µP p+s,q−sJ ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+2,q−s−1)
+
∑
s+t=1
P
p+2,q−1
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+1,q−s)
+
∑
s+t=2
P
p+2,q−1
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s,q−s+1
+
∑
s+t=3
P
p+2,q−1
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s−1,q−s+2
}
=P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` µP p,qJ ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+2,q−1)
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+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p+1,q−1
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+2,q−1)
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+1,q)
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+2,q−2
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+2,q−1
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+1,q−1
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+1,q
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p,q+1
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+3,q−3
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+2,q
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+2,q−2
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+1,q
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+1,q−1
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p,q+1
+ P p+2,q−1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p−1,q+2
.
The J(1, 0)-term is
(O1 ◦O2 ◦ O3(α))
1,0
J
=
∑
s+t=0
P
p+s+1+t,q−s−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+s+1,q−s)
+
∑
s+t=1
P
p+s+t,q−s+1−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`
(∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s,q−s+1
+
∑
s+t=2
P
p+s−1+t,q−s+2−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s−1,q−s+2
=P p+1,qJ (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂ + [µ, iφ])P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
(p+1,q)
+ P p+1,qJ (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+1,q−1
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+1,q
+ P p+1,qJ (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p,q+1
+ P p+1,qJ (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+2,q−2
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+1,q
+ P p+1,qJ (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+1,q−1
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p,q+1
+ P p+1,qJ (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p−1,q+2
.
The J(0, 1)-term is
(O1 ◦O2 ◦ O3(α))
0,1
J
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=
q∑
s=0
q−s+1∑
t=0
P
p+s+t,q−s+1−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`
(∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s,q−s+1
+
q∑
s=0
q−s+2∑
t=0
P
p+s−1+t,q−s+2−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s−1,q−s+2
=
∑
s+t=0
P
p+s+t,q−s+1−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s,q−s+1
+
q−s+2∑
s+t=1
P
p+s−1+t,q−s+2−t
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+s,q−s
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p+s−1,q−s+2
=P p,q+1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p,q+1
+ P p,q+1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p+1,q−1
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p,q+1
+ P p,q+1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p−1,q+2
.
The J(−1, 2)-term is
(O1 ◦ O2 ◦O3(α))
−1,2
J = P
p−1,q+2
J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
p,q
J ((I − φ¯ · φ+ φ¯)`α)︸ ︷︷ ︸
p−1,q+2
.
The LHS of (4.18) is decomposed as
d(eiφ|iφ¯ (σ)) = µφ(e
iφ|iφ¯(σ)) + ∂φ(e
iφ|iφ¯(σ)) + ∂φ(e
iφ|iφ¯(σ)) + µ¯φ(e
iφ|iφ¯ (σ)).
By comparing types of both sides, we have the following theorem.
Theorem 5.4. Let (M,J) be an almost complex manifold and d = µ+ ∂ + ∂¯ + µ¯ be the decomposition of the exterior
differential operator with respect to J . Let φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential on M that generates a new
almost complex structure Jφ onM and d = µφ + ∂φ + ∂¯φ + µ¯φ be the decomposition of the exterior differential operator
with respect to Jφ. Then we have the following equations.
µφ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
2,−1
J ),
∂φ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
1,0
J ),
∂¯φ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
0,1
J ),
µ¯φ ◦ e
iφ|iφ¯ = eiφ|iφ¯ ((O1 ◦O2 ◦ O3)
−1,2
J ).
Due to the limitation of the space of this paper and for the readers’ convenience, we omit the explicit expressions
of the terms of O1 ◦O2 ◦ O3 in this theorem.
6. APPLICATION: (n, 0)-FORMS
Let Ω ∈ An,0J (M). The J(0, 1)-term of O1 ◦ O2 ◦O3(Ω) is
(O1 ◦O2 ◦ O3(Ω))
0,1
J
=Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))P
n,0
J ((I − φ¯ · φ+ φ¯)`Ω)︸ ︷︷ ︸
(n,1)
+ Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
n+1,−1
J ((I − φ¯ · φ+ φ¯)`Ω)︸ ︷︷ ︸
(n,1)
+ Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
n,0
J ((I
′′ − φ¯ · φ+ φ¯)`Ω)︸ ︷︷ ︸
(n−1,2)
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=Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯ + [∂, iφ]− i 1
2
(B(φ,φ)+C(φ,φ)))(Ω)︸ ︷︷ ︸
(n,1)
+ Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))(Ω)︸ ︷︷ ︸
(n−1,2)
=Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯Ω+ ∂(φyΩ)−
1
2
B(φ, φ)yΩ︸ ︷︷ ︸
(n,1)
+ µ¯Ω+MC(φ)yΩ︸ ︷︷ ︸
(n−1,2)
).
The J(−1, 2)-term of O1 ◦O2 ◦ O3(Ω) is
(O1 ◦ O2 ◦O3(Ω))
−1,2
J
=Pn−1,2J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))P
n,0
J ((I − φ¯ · φ+ φ¯)`Ω)︸ ︷︷ ︸
(n−1,2)
=Pn−1,2J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯+ iMC(φ))(Ω)︸ ︷︷ ︸
(n−1,2)
=Pn−1,2J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯Ω +MC(φ)yΩ︸ ︷︷ ︸
(n−1,2)
).
For Θ = Θ1···nj¯θ
1 ∧ · · · ∧ θn ∧ θj¯ ∈ An,1J (M) we have
P
n,1
J ((I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`Θ)
=α1...nj¯(I
′′ − φ¯ · φ)j¯
ℓ¯
θ
1 ∧ · · · ∧ θn ∧ θℓ¯
=(−1)n(I ′′ − φ¯ · φ)−1yΘ. (6.1)
For Ξ = Ξi1···in−1j¯1 j¯2θ
i1 ∧ · · · ∧ θin−1 ∧ θj¯1 ∧ θj¯2 ∈ An−1,2J (M), by direct calculation we have
(I ′′ − φ¯ · φ)−1y(φ¯ · (I ′ − φ · φ¯)−1yΞ)
= ((I ′′ − φ¯ · φ)−1)k¯j¯ θ
j¯ ⊗ ek¯y
(
(φ¯ · (I ′ − φ · φ¯)−1)p¯qθ
q ⊗ ep¯y(Ξi1···in−1j¯1 j¯2θ
i1 ∧ θin−1 ∧ θj¯1 ∧ θj¯2 )
)
=((I ′′ − φ¯ · φ)−1)k¯j¯ θ
j¯ ⊗ ek¯y
(
(φ¯ · (I ′ − φ · φ¯)−1)p¯q(−1)
n−1
δ
j¯1
p¯ Ξi1···in−1j¯1 j¯2θ
q ∧ θi1 ∧ θin−1 ∧ θj¯2)
+ (φ¯ · (I ′ − φ · φ¯)−1)p¯q(−1)
n
δ
j¯2
p¯ Ξi1···in−1j¯1 j¯2θ
q ∧ θi1 ∧ θin−1 ∧ θj¯1)
)
=((I ′′ − φ¯ · φ)−1)k¯j¯ θ
j¯ ⊗ ek¯y
(
(φ¯ · (I ′ − φ · φ¯)−1)j¯1q Ξi1···in−1j¯1 j¯2θ
i1 ∧ θin−1 ∧ θq ∧ θj¯2)
− (φ¯ · (I ′ − φ · φ¯)−1)j¯2q Ξi1···in−1j¯1 j¯2θ
i1 ∧ θin−1 ∧ θq ∧ θj¯1
)
=((I ′′ − φ¯ · φ)−1)k¯j¯ θ
j¯ ⊗ ek¯y
(
(φ¯ · (I ′ − φ · φ¯)−1)j¯1q Ξi1···in−1j¯1 j¯2θ
i1 ∧ θin−1 ∧ θq ∧ θj¯2)
− ((I ′′ − φ¯ · φ)−1)k¯j¯ θ
j¯ ⊗ ek¯y
(
(φ¯ · (I ′ − φ · φ¯)−1)j¯2q Ξi1···in−1j¯1 j¯2θ
i1 ∧ θin−1 ∧ θq ∧ θj¯1
)
=(−1)n((I ′′ − φ¯ · φ)−1)k¯j¯ δ
j¯2
k¯
(φ¯ · (I − φ · φ¯)−1)j¯1q Ξi1···in−1j¯1 j¯2θ
j¯ ∧ θi1 ∧ θin−1 ∧ θq
− (−1)n((I ′′ − φ¯ · φ)−1)k¯j¯ δ
j1
k¯
((φ¯ · (I − φ · φ¯)−1)j¯2q Ξi1···in−1j¯1 j¯2θ
j¯ ∧ θi1 ∧ θin−1 ∧ θq
=(φ¯ · (I ′ − φ · φ¯)−1)j¯1q ((I
′′ − φ¯ · φ)−1)j¯2
j¯
Ξi1···in−1j¯1 j¯2θ
i1 ∧ θin−1 ∧ θq ∧ θj¯
− ((I ′′ − φ¯ · φ)−1)j¯1
j¯
((φ¯ · (I ′ − φ · φ¯)−1)j¯2q Ξi1···in−1j¯1 j¯2 ∧ θ
i1 ∧ θin−1 ∧ θq ∧ θj¯ ,
and consequently
P
n,1
J ((I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`Ξ)
= − Ξi1...in−1j¯1 j¯2(φ¯ · (I
′ − φ · φ¯)−1)j¯1q (I
′′ − φ¯ · φ)j¯2
j¯
θ
i1 ∧ · · · ∧ θin−1 ∧ θq ∧ θj¯
− Ξi1...in−1j¯1 j¯2(I
′′ − φ¯ · φ)j¯1
j¯
(φ¯ · (I ′ − φ · φ¯)−1)j¯2q θ
i1 ∧ · · · ∧ θin−1 ∧ θj¯ ∧ θq
= − Ξi1...in−1j¯1 j¯2(φ¯ · (I
′ − φ · φ¯)−1)j¯1q (I − φ¯ · φ)
j¯2
j¯
θ
i1 ∧ · · · ∧ θin−1 ∧ θq ∧ θj¯
+Ξi1...in−1j¯1 j¯2(I
′′ − φ¯ · φ)j¯1
ℓ¯
(φ¯ · (I ′ − φ · φ¯)−1)j¯2q θ
i1 ∧ · · · ∧ θin−1 ∧ θk ∧ θj¯
= − (I − φ¯ · φ)−1y(φ¯ · (I ′ − φ · φ¯)−1yΞ). (6.2)
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We can calculate the Pn−1,2J projection of Ξ directly as follows.
P
n−1,2
J ((I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)`Ξ)
=Pn−1,2J (Ξi1···in−1j¯1 j¯2(I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)y θi1 ∧ · · ·
∧ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)y θin−1 ∧ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)y θj¯1
∧ (I ′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)y θj¯2)
=Ξi1···in−1j¯1 j¯2θ
i1 ∧ · · · ∧ θin−1 ∧ ((I ′′ − φ¯ · φ)−1)y θj¯1 ∧ ((I ′′ − φ¯ · φ)−1)y θj¯2
=(I ′ + (I ′′ − φ¯ · φ)−1)`Ξ. (6.3)
Thus
∂¯φe
iφ|iφ¯ (Ω) = eiφ|iφ¯ ◦ Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (∂¯Ω+ ∂(φyΩ)−
1
2
B(φ, φ)yΩ︸ ︷︷ ︸
(n,1)
)
+ eiφ|iφ¯ ◦ Pn,1J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯Ω+MC(φ)yΩ︸ ︷︷ ︸
(n−1,2)
)
= eiφ|iφ¯ ◦ (−1)n(I ′′ − φ¯ · φ)−1y (∂¯Ω+ ∂(φyΩ)−
1
2
B(φ,φ)yΩ︸ ︷︷ ︸
(n,1)
) by (6.1)
− eiφ|iφ¯ ◦ (I ′′ − φ¯ · φ)−1y
(
(φ¯ · (I ′ − φ · φ¯)−1)y (µ¯Ω +MC(φ)yΩ︸ ︷︷ ︸
(n−1,2)
)
)
, by (6.2) (6.4)
µ¯φe
iφ|iφ¯ (Ω) = eiφ|iφ¯ ◦ Pn−1,2J (I
′ + (I ′′ − φ¯ · φ)−1 − φ¯ · (I ′ − φ · φ¯)−1)` (µ¯Ω +MC(φ)yΩ︸ ︷︷ ︸
n−1,2
)
= eiφ|iφ¯ ◦ (I ′ + (I ′′ − φ¯ · φ)−1)` (µ¯Ω +MC(φ)yΩ︸ ︷︷ ︸
n−1,2
. by (6.3) (6.5)
If φ satisfies the almost complex Maurer-Cartan equation, (6.4) and (6.5) reduce to
∂¯φe
iφ|iφ¯(Ω) = eiφ|iφ¯ ◦ (−1)n(I ′′ − φ¯ · φ)−1y (∂¯Ω + ∂(φyΩ)−
1
2
B(φ,φ)yΩ)
− eiφ|iφ¯ ◦ (I ′′ − φ¯ · φ)−1y
(
(φ¯ · (I ′ − φ · φ¯)−1)y (µ¯Ω)
)
, (6.6)
µ¯φe
iφ|iφ¯(Ω) = eiφ|iφ¯ ◦ (I ′ + (I ′′ − φ¯ · φ)−1)` (µ¯Ω). (6.7)
Proposition 6.1. Let (M,J) be an almost complex manifold and φ be a Beltrami differential that satisfies the almost
complex Maurer-Cartan equation. For any smooth J − (n, 0)-form Ω, eiφ|iφ¯(Ω) is a ∂¯φ-closed Jφ − (n, 0)-form if and
only if
(−1)n(∂¯Ω + ∂(φyΩ)−
1
2
B(φ, φ)yΩ)− φ¯ · (I ′ − φ · φ¯)−1yµ¯Ω = 0.
Proof. By (6.6) the fact that (I ′ − φ · φ¯) (and equivalently (I ′′ − φ¯ · φ)) is pointwisely invertible we know that
∂¯φe
iφ|iφ¯(Ω) = 0 is equivalent to
(−1)n(∂¯Ω + ∂(φyΩ)−
1
2
B(φ, φ)yΩ)− φ¯ · (I ′ − φ · φ¯)−1yµ¯Ω = 0.

In the integrable case, Proposition 6.1 reduces to [LRY15, Proposition 5.1].
Proposition 6.2. [LRY15, Proposition 5.1] Let (M,J) be a complex manifold and φ be a Beltrami differential that
satisfies the Maurer-Cartan equation. For any smooth J(n, 0)-form Ω, eiφ|iφ¯(Ω) is a ∂¯φ-closed Jφ(n, 0)-form if and only
if
∂¯Ω + ∂(φyΩ) = 0.
Proof. Note that in the integrable case we have µ = 0 (equivalently µ¯ = 0) and B(φ,φ) = 0. 
By the definition of the Dolbeault cohomology on almost complex manifolds, [[Ω]] ∈ Hn,0
∂¯
(M) implies that µ¯Ω = 0
and
∂¯[Ω] = [∂¯Ω] = 0⇔ ∂¯Ω = µ¯ρ = 0.
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Thus by (6.6) and (6.7) we have
∂¯φe
iφ|iφ¯(Ω) = (−1)neiφ|iφ¯ ◦ (I ′′ − φ¯ · φ)−1y(∂(φyΩ) −
1
2
B(φ,φ)yΩ), (6.8)
µ¯φe
iφ|iφ¯(Ω) = eiφ|iφ¯ ◦ (I ′ + (I ′′ − φ¯ · φ)−1)` (µ¯Ω) = 0. (6.9)
By (6.8) and (6.9) we have the following theorem.
Theorem 6.3. Let (M,J) be an almost complex manifold, φ ∈ A0,1J (M,T
1,0M) be a Beltrami differential which
generates a new almost complex structure Jφ onM . Assume that φ satisfies the almost complex Maurer-Cartan equation.
Then for any [[Ω]] ∈ Hn,0Dol,J (M), [[e
iφ|iφ¯(Ω)]] ∈ Hn,0Dol,Jφ(M) if and only if
∂(φyΩ)−
1
2
B(φ, φ)yΩ = 0.
Proof. By (6.8) and (6.9) we know that [[eiφ|iφ¯ (Ω)]] ∈ Hn,0Dol,Jφ(M) if and only if
(I ′′ − φ¯ · φ)−1y(∂(φyΩ)−
1
2
B(φ, φ)yΩ) = 0. (6.10)
By the fact that (I ′ − φ · φ¯) is pointwisely invertible we know that (6.10) is equivalent to
∂(φyΩ)−
1
2
B(φ, φ)yΩ = 0.

7. APPENDIX: DOLBEAULT COHOMOLOGY ON ALMOST COMPLEX MANIFOLDS
This part is basically taken form [CW18] for the self-containment of this manuscript and the readers’ convenience.
Let (M,J) be an almost complex manifold. The exterior differential operator is
d = µ+ ∂ + ∂¯ + µ¯.
Ap−1,q−1 Ap,q
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µ¯
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Ap+2,q
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Ap+2,q+1 Ap+2,q+2
Ap+2,q−1
µ¯
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Ap+2,q
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Ap+2,q+1 Ap+2,q+2
.
By d2 = 0, and splitting via types, we have
µ
2 = 0 (4,−2),
µ∂ + ∂µ = 0 (3,−1),
µ∂¯ + ∂¯µ+ ∂2 = 0 (2, 0),
µµ¯+ ∂∂¯ + ∂¯∂ + µ¯µ = 0 (1, 1),
µ¯∂ + ∂µ¯+ ∂¯2 = 0 (0, 2),
µ¯∂¯ + ∂¯µ¯ = 0 (−1, 3),
µ¯
2 = 0 (−2, 4).
By µ¯2 = 0, we get a chain
· · · → Ap+1,q−2
µ¯
−→ Ap,q
µ¯
−→ Ap−1,q+2 → · · · .
We define the µ¯-cohomology of (M,J) as
H
p,q
µ¯ (M) :=
Ker (µ¯ : Ap,q → Ap−1,q+2)
Im (µ¯ : Ap+1,q−2 → Ap,q)
.
By ∂¯µ¯+ µ¯∂¯ = 0, we know that
∂¯ : Hp,qµ¯ (M)→ H
p,q+1
µ¯ (M),
is a well-defined map. Explicitly, if [ϕ] ∈ Hp,qµ¯ (M), ϕ ∈ A
p,q(M) such that µ¯ϕ = 0, and ψ = ϕ+ µ¯ρ, then
µ¯∂¯ϕ = −∂¯µ¯ϕ = 0,
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i.e. ∂¯ϕ ∈ Ker µ¯, and
∂¯ψ = ∂¯ϕ+ ∂¯µ¯ρ = ∂¯ϕ− µ¯∂¯ρ.
Hence we know that
∂¯ψ − ∂¯ϕ = −µ¯∂¯ρ ∈ Im µ¯,
or [∂¯ψ] = [∂¯ϕ]. The equation µ¯∂ + ∂µ¯ + ∂¯2 = 0 implies that −∂¯2 is homotopic to zero (or null homotopic), with
respect to the (chain) differential µ¯ and the chain homotopy ∂, precisely
// Ap+1,q−2
µ¯
// Ap,q
∂
yyss
s
s
s
s
s
s
s
s
µ¯
//
f

Ap−1,q+2
∂
yyss
s
s
s
s
s
s
s
s
//
// Ap+1,q
µ¯
// Ap,q+2
µ¯
// Ap−1,q+4 //
.
By this graph, we see that the map f := µ¯∂ + ∂µ¯ is a null-homotopic chain map, i.e.
f : (Ap,∗, µ¯)→ (Ap+1,∗, µ¯),
and then we know that the induced maps of the cohomology groups
f∗ : H
p,∗
µ¯ (M)→ H
p+1,∗
µ¯ (M),
are zero, i.e.
−∂¯2 : Hp,qµ¯ (M)→ H
p,q+1
µ¯ (M)→ H
p,q+2
µ¯ (M),
is zero. This means that
· · · → Hp,q−1µ¯ (M)
∂¯
−→ Hp,qµ¯ (M)
∂¯
−→ Hp,q+1µ¯ (M)→ · · · ,
is a chain complex. Using this chain complex, we define the Dolbeault cohomology of (M,J) as
H
p,q
Dol(M) := H
q(Hp,∗µ¯ (M), ∂¯) =
Ker (∂¯ : Hp,qµ¯ (M)→ H
p,q+1
µ¯ (M))
Im (∂¯ : Hp,q−1µ¯ (M)→ H
p,q
µ¯ (M))
.
To emphasise the almost complex structure J , we also denote Hp,qDol,J (M) , H
p,q
Dol(M). By [CW18, Porposition 4.12]
we know that H
p,q
Dol(M) are finite dimensional whenM is compact.
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